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Abstract

The main purpose of our work is to introduce a new general type of soft open sets in soft
topological spaces, namely, soft N-open sets and we prove that the set of each soft N-open sets in a
soft topological space (X,T,E) forms a soft topology T, on X which is soft finer thanT.

Furthermore we use soft N-open sets to define and study new classes of soft sets, namely, weak soft
N-open sets and weak soft D, - sets in soft topological spaces. Moreover we investigate the relation

between the soft N-open sets and each of weak soft N-open sets and weak soft 5N - sets.
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Introduction Definition (1.1)[7]:

The concept of soft set theory was first A soft set over X is a pair (G,B), where G
introduced by Molodtsov D. [7] in 1999. He is a function given by G: B_)P(X) and B is
successfully applied the soft set theory into a non-empty subset of E.
many directions such as Theory of

measurement, Riemann integration, Definition (1.2)[9]:
Smoothness of functions, Game theory, If (G,B) is a soft set over X, then
Theory of Probability and Operations research, Bz(e {b}) is said to be a soft point of (G, B)

etc., Shabir M. and Naz M. [10] in 2011 . .
introduced the notion of soft topological if ecB andbeG(e), and is denoted by
spaces. Akdag M. and Ozkan A. [1,2] in 2014, he(G,B).

Chen B. [5] in 2013, Arockiarani I. and Arokia

Lancy A. [3] in 2013 introduced and Definition (1.3):

investigated soft b-open sets, soft a-open sets, A soft set (G, B) is said to be a finite soft set
soft semi-open sets, soft B-open sets and soft if the set G(e)is finite Ve € B.

pre-open sets respectively. The purpose of this

paper is to introduce a new class of soft open Definition (1.4)[10]:

sets in soft topological spaces, namely, soft If T is a collection of soft sets over X.
N-open sets and we prove that the collection of Then 7 is said to be a soft topology on X if T
each soft N-open sets in a soft topological satisfies the following:

space (X, T,E) forms a soft topology T, on X i) X,¢ belongto .

which is soft finer than T . Also, we use these i) If (G,,E),(G,,E)€T, then

soft open sets to define and study new classes
of soft sets, namely, weak soft N-open sets and

weak soft D, - sets in soft topological spaces.

(G,,E)N(G,,E)E%.
iii) I (G,,E)€%,YaeA, then

Moreover, we discuss the relation between soft UG, .B)ex.
N-open sets and each of weak soft N-open sets oeh
and weak soft [~)N-sets. The triple (X,T,E) is said to be a soft
topological space over X. The members of T
1. Preliminaries: _ are said to be soft open sets in X. The
If P(X)is the power set of X and E is the complement of a soft open set is said to be soft
set of parameters for X. Then: closed.
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Definition (1.5)[4]:
If (G,E)is a soft subset of a soft

topological space (X, T,E). Then:

i) cl(G,E) = N{(F,E): (F,E)is soft closed in
Xand (G,E)E(F,E)}is called the soft
closure of (G,E).

i) int(G,E)=U{(O,E):(O,E)is soft open
in Xand (O,E) & (G,E)}is called the soft
interior of (G,E).

Theorem (1.6)[6]:
Let (G,E)be a soft subset of a soft

topological space (X,T,E). Then X €cl(G,E)
if and only if for each soft open set (O,E)

containing X, (G,E) N (O,E)# 6.

Definitions (1.7):
A soft subset (G,E)of a soft topological

space (X, T,E)is called:
i) Soft a-open set [2] if (G,E) =
int(cl(int(G, E))).
ii) Soft pre-open set [3] if (G,E) =
int(cl(G,E)).
iii) Soft semi-open (soft s-open) set [5] if
(G,E) ccl(int(G, E)).
iv) Soft b-open set [1] if (G,E) =
int(cl(G, E)) Ucl(int(G, E)).
v) Soft B-open set [3] if (G,E) =
cl(int(cl(G,E))) .

2. Soft N-Open Sets
Definition (2.1):

A soft subset (G,E)of a soft topological
space (X, T,E)is said to be soft N-open if for
each X € (G,E), there exists (U,E) €T such
that X € (U,E) and (U,E)—(G,E) is a finite
soft set. The complement of a soft N-open set
is said to be soft N-closed. The collection of
each soft N-open subsets of (X,T,E) is
denoted by 7.

Every soft open set is soft N-open, but the
converse is not true in general as shown by the
following example:
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Example (2.2):

Let X={a,b,c}, E={e, e},
T={X, 4} be a soft topology over X. Then
(G,E)={(e,,G(e,)).(e,.G(e,))} ={(er.{a,b}),
(e;,{a,b}}is a soft N-open set, but is not soft
open.

Theorem (2.3):
Let (X,T,E) be a soft topological space.

Then the collection of each soft N-open
subsets of X forms a soft topology on X.

and

Proof:
i) Since §,XET = ¢,XeT,,.
ii) Let (G,,E),(G,,E) € T,,.
To prove that (Gl,E)ﬁ(GZ,E)'éT:N. Let
X(G,,E)N(G,,E)= X&(G,E) and
X € (G,,E). Since (G,,E) is soft N-open =
3(U,,E)et such that Xe(U,E) and
(U;,E)—(G,,E) is finite. Since (G,,E) is
soft N-open = 3 (U,,E)eT such that
X €(U,,E) and (U,,E)—(G,,E) is finite.
Since Xe(U,,E) and xe(U,,E) =
i'é(Ul,E)h(Uz,E). To prove that
(UL B)N(U,.E) - (G, E)N (G E))
finite.
(U BIN(U,,E) (G, B)N(G,.B)
- (U BNV ENN(E, BN (G, E)Y
= (U BN BN (G B UG, E))
=[((U,E)N (U, E))N(G, E)* TUI((U,, E)
N(U;,B)N(G,,E)]
= (U B)N(U,.E)
= (G, B)IUI((U.,E)N(U,, E)) - (G,. B)]
since  ((U,,E)N(U,,E))-(G,,E) and
((U,,E) N (U,,E))-(G,,E) are finite soft
sets, then S0 IS _ _
[((U,, E)N(U,,E))- (G, E)JUI((YU,, E) N
(U,,E))—-(G,,E)]. Hence
(U5, B)N(U,,B) = (G, B)N (G, E)) s
a finite soft set. Therefore
(G,,E)N(G,,E) €7,

is
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(iii) Let (G_,E) €71, YaeA. To prove that
UG, .E)eT,. Let X J(G,.E) =

aeA aeA

Xe (G, ,E) for some a,eA. Since
(G,,,E)ety = 3F(U,E)eT such that
X€(U,E) and (U,E)- (G, ,E) is finite.
G...E)EJG,.E) =

(UG..E)° (G, .B)

aeA

UE)NJ@G,,E) &

aeA

(U,E)N(G,, . E)* = (U,E)~ (| J(G..E)

aeA

Since

=

c(U,B)-(G,,.E). Since
(U,E)-(G,,,E) is afinite soft set, then so
is (U,E)-(JG,.E) = |J(G,.E) &7,

aeA aeA

= (X, 7y, E)is a soft topological space.

Definition (2.4):
If (X,T,E)is a soft topological space and
(G,E) & X .Then:

i) The soft N-closure of (G,E), denoted by
cly(G,E) is the intersection of each soft
N- closed sets in (X, T,E) which contains
(G,E).

ii) The soft N-interior of (G,E), denoted by
int, (G, E)is the union of each soft N-open
sets in (X,T,E) which are contained in
(G,E).

Theorem (2.5):
If (X,7,E)is a soft topological space and
(G,E),(H,E) & X. Then:

i) int(G,E) cint (G,E) = (G,E)
(G,E)ccl(G,E)=cl(G,E).

i) An arbitrary union of soft N-open sets is
soft N-open.

iii) An arbitrary intersection of soft N-closed
sets is soft N-closed.

iv) inty (G,E) is a soft N-open set in X and
cly (G,E)is a soft N-closed set in X.

V) (G,E)is soft N-open
inty(G,E)=(G,E) and (G,E)
N-closed iff cl(G,E)=(G,E).

and

iff
is soft
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vi) int,(int, (G,E))=int,(G,E)
cl (¢l (G,E))=cl(G,E).

vii) X -—cl(G,E)=int(X-(G,E)) and
X —int,, (G, E)=cl, (X - (G,E)).
viii) If (G,E)E(H,E),
int, (G,E) Zint, (H,E)
cl(G,E) Ecl (H,E).

int,, ((G,E) N (H,E)) =int(G,E)N
cly(G.E)U(H,E) =

and

then
and

iX)
int, (H,E)
cl, (G,E)Ucly (H,E)

x) X €int(G,E) iff there is a soft N-open
set (V,E) in X st X&(V,E)E(G,E).

xi) X ecly(G,E) iff for every soft N-open
set (V,E) containing X,
(V.E)N(G,E) .

xiiy  (Jely(G,.E) Scly (| (G,.E)) and

aeA aeA

Uint, (G,.E) Sinty (| (G,.E)).

aeA aeA

and

Proof:(ix) _

Since (G,E)N(H,E) C (G,E) and
(G,E)N(H,E) S (H,E), then by (viii),
int,, ((G,E) N(H,E)) & int,, (G,E) and
int,,((G,E) N(H,E)) S int, (H,E) =
int, ((G,E)N(H,E)) &
intN(G,E)ﬁintN(H,E) To prove that
int,, (G,E) Nint (H,E) &
int, ((G,E)N(H,E)). Since inty(G,E)E&

(G,E) and int(H,E) < (H,E) = int\(G,E)
Nint,, (H,E) & (G,E)N(H,E).

Since int(G,E)and int,(H,E)are soft
N-open  sets inX, then
int, (G,E)Nint,, (H,E).

But int, ((G,E)N(H,E))is the largest soft
N-open set which contained in (G, E) ﬁ(H,E),
int, (G, E) Nint,, (H,E)

SO is

therefore
inty ((G,E)N(H,E)).



Hence int((G,E)N(H,E))=int,(G,E)N
int, (H,E). From theorem (2.3) and definition
(2.4), it is easy to prove other cases.

3. Weak Soft N-Open Sets

In this section we introduce and study new
kinds of soft N-open sets called soft a-N-open
sets, soft pre-N-open sets, soft b-N-open sets
and soft B-N-open sets which are weaker than
soft N-open sets.

Definitions (3.1):
A soft subset (G,E) of a soft topological

space (X, T,E)is called:

i) soft a-N-open set if (G,E) =
int (cl(int (G, E)))

i) soft pre-N-open set if (G,E) =
int,, (cl(G,E)).

iii) soft b-N-open set if (G,E) =
int,, (cl(G, E)) Ucl(int, (G,E)).

iv) soft B-N-open set if (G,E) =
cl(int, (cl(G,E))) .

Proposition (3.2):
If (X,7,E) is a soft topological space, then
the following hold:

i) Each soft open (resp. soft a-open, soft
pre-open, soft b-open, soft -open) set is
soft N-open (resp. soft o-N-open, soft
pre-N-open, soft b-N-open, soft f-N-open)
set.

il) Each soft N-open set is soft a-N-open.

iii) Each soft a-N-open set is soft pre-N-
open.

iv) Each soft pre-N-open set is soft b-N-
open.

v) Each soft b-N-open set is soft f-N-open.

Proof:

(i) It is obvious.

(i) If (G,E)is a soft N-open set, then
(G,E)=int(G,E). Since
(G,E) ccl(G,E), then (G,E)
cl(int (G,E)) and (G,E) =
inty (cl(int, (G,E))). Therefore
soft a-N-open.

(iii) If (G,E)is a soft a-N-open set, then
(G,E) Eint, (cl(int, (G, B)) &

(G,E)is
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int, (cl(G,E)). Therefore (G,E)is soft
pre-N-open.

(iv) If (G,E)is soft pre-N-open set, then
(G,E) cint (cl(G,E)) cint, (cl(G,E))
Dcl(intN(G,E)). Therefore (G, E)is soft
b-N-open.

(v) If (G,E) is soft b-N-open set, then
(G,E) cint (cl(G, E))Dcl(intN(G, E))

cl(int (cl(G,E))) D cl(inty (cl(G, E)))
=cl(int (cl(G,E))). Therefore (G,E)is
soft B-N-open.

The converse of proposition (3.2) may not

be true in general as shown by the following
examples:

Example (3.3): L

Let X={a,b,c} E={e,,e,} andT={X, ¢}
be a soft topology over X. Then (G,E)=
{(e,,G(e,)).(e;,G(e,))}={(e.{ab}), (e,.{ab}}
is a soft N-open (resp. soft a-N-open) set, but
is not soft open (resp. is not soft a-open) set.
Example (3.4):

Let X=N, E={e} and
T ={X,$,(U,,E),(U,,E),(U;,E)}be a soft
topology over X, where (U, E)={(e,{1})}.
(U, E) ={(e.{Z})}and (U;, E) = {(e.{L.2})}-
Then (G,E) ={(e, N—{1})}is a soft pre-N-
open set, but is not soft pre-open.

Example (3.5):

Let X=N, E={e} and

T={X,$,(U,,E),(U,,E)} be a soft
topology over X, where (U,,E)={(e,{})}
and (U,,E)={(e,{L2})}. Then (G,E)=
{(e, N-{1})} is a soft b-N-open (resp. soft
B-N-open) set, but is not soft b-open (resp. is
not soft B-open).

Example (3.6):

Let X=N, E={e,.e,} and
?z{f(,&(U,E)}be a soft topology over X,
where  (U,E)={(e;.{1}),(e,.{8)}. Then
(G,E)={(e,.{L2}),(e,,fL,2})}is a soft a-N-

open set, but is not soft N-open.
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Example (3.7): Then (G,E)={(e, (0,1])}is a soft b-N-open
LetX=N, E={e,,e,} and T={X, ¢} be a set (since (G, E) is soft b-open), but is not soft

soft topology over X. Then (G,E)={(e,.{1}), pre-N-open.

(e,,fL,2})} is a soft pre-N-open set (since Example (3.9)-

(G,E)is soft pre-open), but is not soft Let (,11,E)be the soft usual topological

a-N-open. space, where E ={e}.Then (G,E)

Example (3.8): ={(e,QN[01D} is a soft B-N-open set
Let (R, 11, E) be the soft usual topological (since (G,E)is soft B-open), but is not soft

space, where E ={e}. b-N- open.

The following diagram show the relation between the different types of soft open sets and types of
weak soft N-open sets.

soft open set “‘l___} soft o-open set “‘T: soft pre-open set T softb-open set a__" soft fi-open set

soft N-open set *‘I_: soft o-N-open set {T_ soft pre-N-open set “‘l_: soft b-N-open set qh_ soft f-N-open set
Theorem (3.10) hence (G, E) is a soft -N-open set. Also, since
If (G, E).is a soft pre-N-open subset of a (G,E) ccl(int(G,E)) = cl(G,E)c
soft topological space cl(int(G, E)) = int,, (c(G, E)) & cl(int(G, E))

(X, T,E)such that(V,E) = (G,E) ccl(V,E)

2 Conversely, let(G,E)be a soft B-N-open set
for each soft subset (V, E) of X, then (V,E) is

and  int, (cl(G,E)) Scl(int(G,E)).  Then

also a soft pre-N-open set in X . (G,E) Ecl(int, (cl(G, E))) & cl(cl(int(G, E)))
Proof: =cl(int(G,E)) and hence (G,E)is soft semi-
Since (G,E)ccl(V,E) = open.
?I(G' E)c CI(CIS\_/’ E))=cl(V.E) :> Proposition (3.12) -
it (cl(G,E)) cint (cl(V,E)). Since Let (X,T,E) be a soft topological space. If
(G,E) cinty, (cl(G, E)) and (V,E) is a soft open set in X, then
(V,E)S(G,E)

(V,E) th(G, E) C cl((V,E) N (G,E)) for any

= (V,E)cint(cl(V,E)). Thus (V,E) is a soft subset (G, E)

soft pre-N-open set.

of X.
Theorem (3.11):
A soft subset(G,E)of a soft topological Proof: -
space (X, T, E)is soft semi-open if and only if Let Xe(V,E)(cl(G,E) and (U,E) be
(G,E) is a soft pB-N-open set and any soft open set inXsuch that X € (U,E).
ity (cl(G,E)) Ccl(int(G, E)). Since X € cl(G,E), then by theorem (1.6),

Proof: (U.E)N(G.E)#$. Since (U,E)N(V,E) isa
Let (G,E) be soft semi-open, then soft open set in Xand i'é(U,E)h(V, E),
(G,E) ccl(int(G, E)) ccl(int, (cl(G,E))) and
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then ((U,E) N (V, E))N(G,E) =
(UEN(V.E)N (G.E) 6.

Therefore X € cl((V,E) N (G,E)).

Thus  (V,E)N cl(G,E) & cl((V,E)N(G,E))
for any soft subset (G,E) of X.

Propositions (3.13):
Let (X, 7,E) be a soft topological space, then:
1) The intersection of a soft a-N-open set and
a soft open set is soft a-N-open.
i) The intersection of a soft pre-N-open set
and a soft open set is soft pre-N-open.
iii) The intersection of a soft b-N-open set
and a soft open set is soft b-N-open.
iv) The intersection of a soft B-N-open set
and a soft open set is soft f-N-open.

Proof:
i) Let (G, E) be a soft a-N-open set and (V, E)

be a soft open set in X . Since every soft open
set is soft N-open, then (G,E) =

int (cl(int (G,E)))and (V,E) =int (V,E)).
By proposition (3.12), we have
(V.E)N(G,E) Einty(V.E)N

int (cl(int (G, E))).

= int,, ((V,E) Ncl(int,, (G, E))).

Sint,, (cl((V, E) Nint,, (G, E))).

=int, (cl(inty ((V,E) N (G,E)))).

Therefore (G,E)h(V, E)is a soft a-N-open
set. Similarly, we can prove the other cases.

Remark (3.14):

The intersection of two soft pre-N-open
(resp. soft a-N-open, soft b-N-open, soft B-N-
open) sets need not be soft pre-N-open (resp.
soft a-N-open, soft b-N-open, soft B-N-open)
as shown by the following examples:

Example (3.15)-

Let (R, 1, E) be the soft usual topological
space, where E={e}. Then (G,,E)={(e,Q)}
and (G,, E) ={(e, Q" U{1)}
are soft pre-N-open sets, but
(G,.E)N(G,.E) = (G,E) ={(e{})} is not
soft B-N-open, since (G,E) &
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cl(int, (cl(G,E))) =cl(int (G,E)) = cl({q~>})
3.
Example (3.16)-

Let X=N, E={e} and
T ={X,$,(U,,E),(U,,E),(U;,E)}be a soft
topology over X, where (U ,E)={(e,{1})},
(U, BE) ={(e.{2})} and (U;,E) ={(e.{L2}1)}.
Then (G,,E) ={(e, N-{1})} and (G,,E) =
{(e,{L3})} soft a-N-open sets,
(G.E)N(G,,E) =(G,E) ={(e.{3h}is
soft o-N-open, since (G,E) &
int,, (cl(int,, (G, E))) =int,, cl($)) = ¢ .
Theorem (3.17):

If {(G,,E):a e A} is a family of soft b-N-
open (resp. soft a-N-open, soft pre-N-open,
soft B-N-open) sets of a soft topological space
(X,7,E), then| J(G,,E)is soft b-N-open

aeA

but

not

arc

(resp. soft a-N-open, soft pre-N-open, soft
B-N-open).

Proof :
Since

(G.,E)Eint, (ckG,,E) Uclint, (G, ,E))
for every o.e A, we have: | J(G,,E) €

aeA

U [int, (ck(G,,E) Ucl(int, (G,,E))]

aeA

=[[Jinty €IG, . ENIUL Jekint, (G, E))]

aeA aeA

& finty (e, ENIULCIJint, (G, E))]

aeA aeA

(By theorem (2.5),(xii)~).
E fint,, l(J(G... EMULel(int, (J(G,.E) )]

aeA aeA

(By theorem (2.5),(xii)).
Therefore | J(G,,E)is

aeA

Similarly, we can prove the other cases.

soft  b-N-open.

Proposition (3.18):
If (G,E) is a soft b-N-open set in (X, 7,E)

such that int (G, E) =$, then (G, E)is a soft
pre-N-open set.




Journal of Al-Nahrain University

Proof:
Since (G,E) is soft Db-N-open, then

(G,E)éintN(cI(G,E))Dcl(intN(G,E)). But
int, (G,E)=4¢, hence cl(int, (G,E))= ¢, thus
(G,E) cint, (cl(G,E)). Therefore (G,E) is a
soft pre-N-open set.

Definition (3.19):
A soft topological space (X,T,E)is called a

soft door space if each soft subset of X is
either soft open or soft closed.

Propositions (3.20):
If (X,7,E)is a soft door space, then:
i) Each soft pre-N-open set is soft N-open.
ii) Each soft B-N-open set is soft b-N-open.

Proof:

i) Let (G,E)be a soft pre-N-open set. If
(G,E)is soft open, then (G,E)is soft
N-open. Otherwise, (G,E)is soft closed.
Hence (G,E) cint, (cl(G,E))
=inty(G,E), thus (G,E)=int\(G,E).
Therefore (G, E) is a soft N-open set.

ii) Let (G, E) be a soft B-N-open set. If (G, E)
is soft open, then (G, E)is soft b-N-open.

Otherwise, (G,E)is soft closed. Hence
(G,E) ccl(int, (cl(G, E)))

=cl(int, (G,E)) =

int,, (cl(G, E)) Ucl(int, (G,E)). Thus

(G,E) is a soft b-N-open set.

Definitions (3.21):
A soft subset (G,E) of a soft topological
space (X, T, E)is said to be:
i) Soft N- t -set if int(G, E) =int,, (cl(G,E)).
i) Soft N- B -set if (G,E)=(U,E)N(V,E),
where (U,E) €7 and (V,E)is a soft N- T -
set.

Proposition (3.22):
Let (G,,E) and (G,,E) be two soft subsets

of a soft topological space (X, T,E). If (G,,E)
and (G,,E) are soft N-t-sets, then
(G,,E)N(G,,E)is also a soft N- T -set.

Vol.20 (2), June, 2017, pp.131-141

137

Science

Proof:
If (G,,E)and (G,,E)are soft N-t -sets.

Then:int,, (cl((G,, E) N(G,,E)))

Sint, (cl(G,,E)Ncl(G,,E))

= int, (cl(G,,E)) Nint, (cl(G,, E))

= int(G,,E) Nint(G,, E)
=int((G,,E)N(G,E)).

Since int((G,,E)N(G,,E)) &

int, (cl((G,,E) N (G,,E))), then int((G,,E)
N(G,.E)) =int, (cK(G,.E)N(G,. E))).
Thus (G,,E) N (G,,E)is a soft N- T -set.

The following example shows tlmt soft pre-
N-open sets and soft N-B-sets are
independent.

Example (3.23):

Let (R, 1, E) be the soft usual topological
space, where E={e}. Then (G,E) ={(e,Q°)}
IS a soft pre-N-open set, but is not a soft N- B-
set (since (G,E) RN (G,E), where RET,
but (G,E) is not a soft N-t-set) and
(H,E)={(e, (0]} is a soft N- B -set (since
(H,E)=RN(H,E), where RET and (H,E)
is a soft N- T -set), but is not soft pre-N-open
(since (H,E) & int, (cl(H,E)) ={(e,(0,))}.

Proposition (3.24):
If (X,7,E) is a soft topological space and

(G,E) & X .. Then the following statements are
equivalent:
i) (G, E) is a soft open set.
i) (G,E) is a soft pre-N-open and a soft N- B
-set.

Proof:

(i)=(ii). If (G,E) is a soft open set, then
(G,E) =int(G,E) cint(cl(G,E)), hence
(G,B)is soft pre-N-open. Also,

(G,E)=(G,E) N X, where (G,E) 7 and X
is a soft N-t -set and hence (G,E)is a soft

~

N- B -set.



(i) = (i). Since (G,E)is a soft N- B -set, then
(G,E)=(U,E)N(V,E), where (UE)ET
and (V,E) is a soft N- t -set. By hypothesis,
(G,E) s a soft pre-N-open set, then:

(G,E) Eint,, (cG,E))

=int,, (U, E) N (V. E)))

E int,, (cl(U,E) Ncl(V, E))

=int,, (cl(U, E))Nint, (cl(V, E))

=int,, (cl(U, E)) Nint(V, E) . Hence (G,E) =
(U,E)N(V,E) = (U,EN(V,E))N(U,E)

& (int, (cl(U, E)) Nint(V, E)) N (U, E)

—(int,, (cl(U, E)) N (U, E)) Nint(V, E)

= (U,E) Nint(V, E) =int(U, E) Nint(V, E)
=int((U,E) N (V,E)) =int(G,E). Thus
(G,E)=int(G,E)) and hence (G,E)is soft
open.

Definitions (3.25):
A soft subset (G,E) of a soft topological
space (X, 7, E)is said to be:
i) Soft N- T, -set if
int(G,E) =int, (cl(int, (G, E))).
i) Soft N-B_ -set if (G,E)=(U,E)N(V,E),
where (U,E) €T and (V,E)is a soft N- T -
set.
Proposition (3.26):

Let (G,,E) and (G,,E) be two soft subsets
of a soft topological space (X,7,E). If
(G,,E) and (G,,E) are soft N- T -sets, then

(G,,E)N(G,,E)is also a soft N- T, -set.

Proof: _
If (G,,E) and (G,,E) are soft N-t_-sets.
Then:
int,, (cl(int,, ((G,,E) N(G,.E))))
=int, (cl(int,, (G,, E) Nint (G,,E)))
Sint, (cl(int, (G,, E)) Ncl(int, (G, E)))
= int, (cl(int,, (G,, E))) Nint, (cl(int, (G,, E)))
= int(G,,E) Nint(G,, E)
= int((G,,E)N(G,,E)).
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Since int((G,,E)N(G,,E)) &
int,, (ci(int,, (G,,E) N(G,,E)))), then
int((G,,E) N(G,,E)) =int, (cl(int, ((G,,E)N
(G,,E)))). Thus (G,,E)N(G,,E) is a soft N
- 1, -set.

The following example shows that soft

a-N-open sets and soft N-B_-sets are
independent.

Example (3.27):
Let (M,,E) be the soft usual topological
space, where E={e}. Then (H,E)

={(e,(01])}is a soft N-§a -set which is not
soft a-N-open. Also, in example (2.2),
(G.E)={(e, fa.b}).(e, fa.b})}is a soft

a-N-open set, but is not a soft N- §a -set.

Proposition (3.28):

If (X,7,E) is a soft topological space and

(G,BE)c X . Then the following statements are

equivalent:
i) (G,E) is a soft open set.

ii) (G, E) is a soft a-N-open and a soft N-B,
-set.

Proof:
(i)=(i). If (G,E)is a soft open set, then

(G,E) =int (G,E) ccl(int, (G,E)) =

int (cl(int, (G,E))), thus (G,E)is soft
a-N-open. Also, (G,E)=(G,E) N X , where
(G,E)E7T and X is asoft N- T, -set,
therefore (G, E) s a soft N- éa -set.

@i)=(i). Since (G,E)is a soft N-§a-set,
then (G,E)=(U,E) ﬁ (V,E), where
(U,E) €T and (V,E)is a soft N-t_-set. By
hypothesis, (G, E) is a soft a-N-open set, then:
(G,E) cint (cl(int, (G, E)))

=int,, (cl(int, (U, E) N (V,E))))

=int, (cl(int, (U,E)Nint (V,E)))

cinty (cl(inty (U,E)) N cl(int, (V,E)))
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= int,, (cl(int, (U, E))) Nint,, (ckint,, (V, E)))
S int,, (cl(U, E)) Nint(V, E). Hence (G,E) =
(UE)N(V.E) = ((U.EN(V.E)N(U,E)

& (int,, (cl(U, E)) Nint(V, E)) N (U, E)

= (int (cl(U, E)) N (U, E)) Nint(V, E)

= (U,E) Nint(V, E) =int(U, E) Nint(V, E)

= int((U,E) N (V,E)) =int(G, E). Thus
(G,E)=int(G,E))and hence (G,E)is soft
open.

Definition (3.29):
A soft subset (G,E) of a soft topological

space (X, T,E)is said to be a soft N-set if
(G,E)=(U,E)N(V,E), where (U,E)ET
and int(V,E)=int(V,E).

The following example shows that soft
N-open sets and soft N-sets are independent.

Example (3.30)-

Let (R, 1, E) be the soft usual topological
space, where E ={e}. Then (H,E)
={(e,(0,) N Q)}is a soft N-set which is not
soft N-open. Also, in example (2.2), (G,E) =
{(e,,{a,b}), (e,,{a,b})}is a soft N-open set,
but is not a soft N-set.

Proposition (3.31):
If (X,7,E) is a soft topological space and

(G,BE)c X . Then the following statements are

equivalent:
i) (G,E) is a soft open set.
i) (G,E) is a soft N-open and a soft N-set.

Proof:

(1) =(ii). It is obvious.

(i)=(i). Since (G,E)is a soft N-set, then
(G,E)=(U,E)N(V,E), where (U,E)E3
and int(V,E) =int (V,E). By hypothesis,
(G,E) is a soft N-open set, then:

(G,E) =int,, (G,E) =int, ((U,E)N(V,E))
=int,, (U, E) Nint, (V,E) = (U, E) Nint(V,E)
= int(U, E) Nint(V, E) =int((U, E) N (V, E))
=int(G,E). Thus (G, E) is soft open.
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Definitions (3.32):
A soft topological space (X,T,E)is said to
satisfy:
1) The soft N-condition if every soft N-open
set is soft N- T -set.

i) The soft N-éa -condition if every soft

a-N-open set is soft N- éa -set.
iii) The soft N- B -condition  if every soft

pre-N-open set is soft N- B -set.

4. Weak Soft 5N -Sets
Now, we introduce and study new concepts
called soft D -sets, soft D, -sets, soft D,_, -

sets, soft D,  -sets, soft I5b_N -sets and soft

pre—N

~

D b -sets.

Definition (4.1):
A soft subset (G,E) of a soft topological

space (X, 7,E) is said to be a soft D -set (resp.
soft Dy-set, soft D, -set, soft D, . -set,

soft D,_,-set, soft ﬁﬁ_N-set) if there exists
two soft open (resp. soft N-open, soft
a-N-open, soft pre-N-open, soft b-N-open, soft
B-N-open) sets (U,,E) and (U,,E) in X such
that (U,,E)= X and (G,E) =(U,,E)\(U,,E).

Remark (4.2):

In definition (4.1), if (U,E)=X and
(U,,E) :$, then each proper soft open (resp.
soft N-open, soft a-N-open, soft pre-N-open,
soft b-N-open, soft B-N-open) subset of X is a
soft D -set (resp. soft 5N-set, soft f)afN-set,

soft [~)pre_N-set, soft [~)b,N -set, soft 537N -set).

The converse of Remark (4.2) may not be
true in general as shown by the following
examples.

Example (4.3): o

Let X=N, E={e} and T={X, ¢,(U,E)}
be a soft topology over X, where (U,E)=
{E&{})}. Then (G,E)= {(e{2h}is soft
D, ,-set and soft D, -set, but is not soft
a-N-open set and is not soft N-open set.



Example (4.4): N

Let X=N, E={e} and 7T={X,¢,(U,E)}
be a soft topology over X, where (U,E)=
{(e,N—{1})}. Then (G,E)= {(e,{1})}is a

soft D, -set (resp. soft D, \-set, soft
D;_, -set), but is not soft B-N-open set.

Proposition (4.5):
In any soft topological space (X, T, E).
1) Each soft D -set is soft 5N -set.
ii) Each soft f) -set is soft 5
iii) Each soft E)
Iv) Each soft f)prefN

v) Each soft I5b_N -set is soft E)B_N

y -Set is soft Dpre | -Set.

-set is soft Dbe -set.

-set.

Proof:

Follows from proposition (3.2).

The converse of proposition (4.5) number
(i) and (iii) may not be true in general it is
shown in the following examples.

Example (4.6): o

Let X=N, E={e} and T={X,¢,(U,E)}
be a soft topology over X, where (U,E)=
{(e{IH}. Then (G E)={(e{2}})}is a soft
D, -set, since
3(G,,E) ={(e N-{)} and (G,,.E)=
{(e,N—{2})}are soft N-open sets such that
(G,,E)#X and (G,E)= (G, E)\(G,,E),
but (G, E) is not soft D -set.

Example (4.7):

Let (R, 1, E) be the soft usual topological

space, where E ={e}. Then

(G,E)={(e,Q)}is asoftD,,_,,
3 (G,,E) ={(e,Q)} and (G,,E)= ¢ are

soft pre-N-open sets such that (G,,E) # R and
(G,E)=(G,,E)\(G,,E), but (G,E) is not
soft f)afN -set.

-set, since

Proposition (4.8):
If (X,7,E) is a soft door space. Then:

1) Each soft f)pre_N

i) Each soft f)B_N -set is soft I5b_N

-set is soft D N -Set.

-set.

Proof:
Follows from Proposition (3.20).
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Proposition (4.9):
In any soft topological space satisfies soft

N-condition soft II~)N -set is soft D -set.

Proof:

Suppose that (G,E) is a soft 5 -set, then
there are two soft N-open sets (Ul,E) and
(U,,E) in X such that (Ul,E);tX and
(G,E) =(U,,E)\(U,,E). Hence (U ,E) =
int, (U, E)) cint(cl(U,,E)) and (U,,E)
=int,(U,,E)) cint,(cl(U,,E)). Since
(X,7,E) is satisfy the N-condition, then
(U,E) and (U,,E) are soft N-t -sets.
Therefore (U, E) c int(U,,E) and
(U,,E)cint(U,,E). Hence (U,E) and
(U,,E) are soft open sets. Thus (G,E) is a
soft D -set.

Proposition (4.10):

In any soft topologlcal space satisfies soft

N-B -condition soft Da y -Set is soft D -set.

Proof:
Follows from Proposition (3.28).

Proposition (4.11):
In any soft topologlcal space satisfies soft
N- B -condition soft D -set is soft D -set.

pre— N

Proof:
Follows from Proposition (3.24).
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The following diagram shows the relation between the soft open sets and each of soft N-open
sets, weak soft N-open sets and weak soft D, -set.

soft openset —% soft o-open set

P

soft N-open set

+

— soft pre-open set 77 soft b-open set

— soft o-N-open set —% soft pre-N-open set —* soft b-N-open sat
P H_ P p H_ p

—F5oft

PR

[-open set

—F ooft

i

B-N-open set

N . N . -
soft Dy -set " ¥ oft DE_H-set " ¥ oft Dm_H-set . "suchh_H-set p ¥ oft Dp_H-set

Definition (4.12):

A soft function f:(X,7,E)—(Y,5,E) is
said to be soft N-continuous (resp. soft
pre-N-continuous, soft N- B -continuous, soft

~

a-N-continuous, soft N-B_ -continuous, soft
N*-continuous) if f*((V,E)) is soft N-open
(resp. soft pre-N-open, soft N- B-set, soft
a-N-open, soft N-Ea -set, soft N-set) inX for
each soft open set (V,E) in Y.

By propositions (3.24), (3.28) and (3.31)
we get the following results.

Theorem (4.13):
For a soft function f:(X,7,E) —>(Y,c,E),
the following statements are equivalent:
i) f is soft continuous.
i) f is soft pre-N-continuous and soft

~

N- B -continuous.
iii) f is soft o-N-continuous and soft

N- B, -continuous.

iv) f is soft N-continuous
N*-continuous.

and soft
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