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Abstract

This work exhibits analytical reformulation of four equations of finite raytracing through
quadric surfaces of revolution. This reformulation enhances comprehending the procedure of finite
raytracing firmly besides it shows how to obtain these formulas. The equations reformulated in this
work clarified that the corresponding ones in [1] were merely typographically incomplete equations.
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Introduction

Finite raytracing is essentially a sequence
of successive refraction and transfer
calculations based on solid geometry and
Snell's law [1]. It is a method for tracing rays
in three dimensions by using solid geometry to
get an exact analysis for ray tracing [2]. This
method takes into account the most general
type of rays known as the skew rays; that’s
why it is also called skew raytracing. The
meaning of skew rays is those which are not
co-planar with axis (optical axis) [3].

In my attempt to construct a programming
code to trace skew rays [1] had been adopted
as the considered reference to make use of.
This adoption based on the compatibility
between my research needs and the features of
[1]. The program code for tracing skew rays
through spherical surfaces was functional
whilst the one for tracing skew rays through
quadric surfaces of revolution was not. This
led to reconsidering the raytracing equations
thoroughly and to start figuring out the
equations malfunctioned the program for
tracing skew rays through quadric surfaces.

Although [1] is a highly selective, self-
contained, and well-sketched text book with
very solid notation and as clear as elegant
approach, errata have been found. Some of
those were equations for finite raytracing.

Not Like many other text books, [1] not
only referred to the final mathematical
formulas but also mentioned how to obtain
those formulas and omitted their derivations to
meet the needs of its purpose as it had been
intended.
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Thanks to mathematically firm approach
for deriving the raytracing equations, [1] used,
besides the vector analysis notation, [1]
employed, | was able to reformulate those
typographically incomplete equations for finite
raytracing with no fear of misleading. These
typographically incomplete equations for
tracing skew rays through quadric surfaces in
[1] were:
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[1] pointed out that equation (4.28) can be
obtained by wusing the same manner
approached to derive A for raytracing through
spherical surfaces. Thus, it was necessary to
follow the derivation of A through spherical
surfaces before reformulating equation (4.28)
where F and G are defined by:

F= c(xg + yg) ............................................... (4.9
G =N —C(LXg+MYg ) cerrrrerrererenrerinerenieeneenns (4.10)
and

Y N (4.18)
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Derivation of A through Spherical Surfaces
The approach of derivation is quoted from
[1] starts with using (4.5) into (4.6)

X=Xy +LA

V=Yoo FMAL i (4.5)
z=NA

z—%(x2+y2+22) ........................................ (4.6)
yields:

NA:%[XCZ, +2X, LA+ L2A2 +yc2, +
2y,MA+M 2A% + N 2A?]
NAZ%C(XS +y2 )+§c(Lx0 + My )A+

%(L2+M2+N2)A2

The latter equation in terms of equations
(4.9) and (4.18) can be written as:
NA :%H:(Lx0 + Myo)A+%A2

F

OZE_[N —c(Lxg +Myo)]A+%A2

Now, the latter equation in terms of the
equation (4.10) becomes:

O 2 —GA+E=O
2 2

which is similar to Ax? + Bx+Const.=0 that is
—Bi\/(B2 —4x AxConst.)

solved by x= It
2x A
is clear that
A=E B=-G Const.:E
2 2
and cA=G+vVG2%_cF

Now by multiplying the R.H.S of the latter
equation with the negative sign by the quantity

(G +VG? —cF) and dividing result by the same

quantity yields [1]:
F

G+VG?%—cF

Equation (4.28) Reformulation

By following the same manner to solve for
A through spherical surfaces illustrated in the
previous section. Applying (4.5) into (4.25)

A=
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Now, the latter equation in terms of
equations (4.9), and (4.10) becomes:

E(L2 +M?2 +gN2)A2 —GA+E:0
2 2
Using (4.18) L2 +M? =1-N?

Using the latter expression, the equation
of A becomes:

%(1—N2+5N2)A2 —GA+§:O

%b+(s—l)N2]A2—GA+

solving for A gives:
A=%[1+(5—1)N2], B=-G, Const.:%,
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Now by multiplying the R.H.S of the latter
equation with the negative sign by the quantity

(G+yG2—cF(l+(s-)N2) and dividing the

result by the same quantity yields:
F

G+G2 —cF(L+(s—DN?2)

A=

(AA)

Equation (4.30) Reformulation

The approach for deriving the components
of the unit normal at the point of incidence, [1]
illustrated, starts with rewriting the equation of
the surface
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into the form
FOGY,Z) =0 (4.20).

And finally obtained the direction cosines
of the normal (components of the unit normal)
by using
oF OF oF
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Now, we shall proceed as mentioned above.
Equation (4.25) in the form of (4.20) can be
expressed as:

F=x2+y2+522—2rz=0
where c=1/r, so the latter expression can be
expressed as:

ox? +cy2 +cez? -22=0

c(x? +y?) =2z -cez? Differentiate the latter as
(4.20) requires
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Now, the denominator of (4.24) will be
expressed in terms of the z parameter only
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In terms of (BB) and (CC), equation (4.24)

becomes
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a,By=
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J1-2c(e D)z +c2e(e 122

a,p,y=
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where (DD) is the reformulated components of
the normal vector

Equation (4.31) Reformulation

[1] stated that "the cosine of the angle of
incidence (cosl) at the point of incidence can
be obtained by the scalar multiplication of
(4.30) with the direction cosines (L, M, N) of
the ray as in the following equation:
cosl=a-L+p-M+y-N

Now, by applying the reformulated
equation labeled by (DD) above into (4.42)
yields:

—cXL —cyM + N —cezN
\/1—20(5—1)2 +czg(<’;—1)z2

With little rearrangement, the reformulated
equation can be expressed as:
N —c(Lx+ My + N¢ z)

\/1—20(5—1)2 +czg(g—1)z2

cosl =

cos | = (EE)

Equation (4.32) Reformulation
This equation is also incomplete. This was
s0; because it has been derived form (4.31) but
in terms of (4.25). We shall proceed
reformulating it by applying (4.5) into the
formulated (4.31) which is (EEH).
X=Xq+LA
y=Yo+ MA
z=NA
N —c[L(Xy + LA) + M (yo+MA) + Ne (NA)]
J1-2¢(e ~)NA + c2¢ (¢ ~ 1)(NA)2
_ [N —c(Lxg + Myo)] - cA[L® + M? + eN?)
J1-20(c ~NA + ¢ (¢ ~1)(NA)?
In terms of (4.10), and (4.18) and
L2+M2=1-N?
the equation of cosl becomes:

cosl =

cos |



G-cA@l+ (s —1)N?)
J1-2¢(e ~)NA + c2¢ (¢ ~ I)(NA)2
The latter equation in terms of (AA) becomes:
JG—cF(+(e~DN?)
J1-2c(s ~DNA + ¢ (¢ ~ I)(NA)?

This Equation represents the reformulation of
(4.32).

cosl =

cos | = (FF)

Results and Discussion
The results are the reformulated equations:

F (AA) which
G+yG2 —cF(L+(s—DN?)
represents the reformulation of (4.28). In the
notation of [1], the parameter | stands for the
angle the incident ray makes with normal of
the surface. Thus, the parameter | inside the
square root of (4.28) should be replaced by 1.

1. A=

2. The equations (DD) and (EE)
—CX

o=
J1-2c(e D)z +c2e(e 122

e — (DD)
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\/1—20(5—1)2 +ng(g—1)22
represent the reformulation of equations (4.30)
and (4.31) respectively in which the third term
including ¢?z? in the denominator was missing.

3. The equation

JG—cF(+(e~DN?)
J1-2c(s ~NA + ¢ (¢ ~ I)(NA)?
represents the reformulation of (4.32) in which
the term c¢’s (¢ —1)(NA)*was missing.

cos | = (FF)

Conclusion

The analytical reformulation achieved in
this work is based on the firm approach [1]
illustrated; and this emphasizes that equations
(4.28), (4.30), (4.31), and (4.32) were
typographically incomplete equations.
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