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This paper intends to examine the identity of the block Toeplitz 

operator 𝐵𝑇𝛶
𝑚, with a matrix-valued symbol 𝛶, on vector-valued 

doubling Fock spaces 𝐹𝜗,𝑚
𝑝

. For an integer 𝑚, the spaces 𝐹𝜗,𝑚
𝑝

 are 

characterized as the spaces of all vector functions F whose 

component functions belong to the doubling Fock space 𝐹𝜗
𝑝
, and 

the operator 𝐵𝑇𝛶
𝑚 is defined upon the 𝐹𝜗,𝑚

𝑝
. However, fundamental 

properties like boundedness, compactness of  𝐵𝑇𝛶
𝑚 are explored. 

Additionally, for a specific type of matrix-valued symbol 𝛶, the 

necessary and sufficient condition on the symbol 𝛶 that makes 

𝐵𝑇𝛶
𝑚 Fredholm on 𝐹𝜗,𝑚

𝑝
 are established.  
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1. Introduction 

The study of Toeplitz operator 𝑇𝜂 , defined on 

Bergman, Hardy and Fock spaces, with wide classes 

of functions 𝜂 , has a considerable history. The 

importance of these operators comes from the 

massive problems in physics and the field of 

quantum mechanics that are connected with 

properties and the spectral properties of Toeplitz 

operators, an  example, of  which the boundedness 

and compactness of 𝑇𝜂 play a natural role with the 

heat flow 𝜂̃𝑝 of 𝜂, [1]. The block Toeplitz operators 

arise in the study of the classical dimer model on the 

triangular lattice, in particular. The approximate 

calculation of determinants of these types of 

operators, have a significant role in the study of 

high-temperature super conductivity, [2]. In [3], 

B𝑜̈ttcher and Silbermann define the block Toeplitz 

operator on the space 𝑙𝑁
𝑝

(𝐶), and they investigate the 

boundedness, the compactness and the Fredholm 

properties of these types of operators. In [4], Gu. 

Hendricks and Rutherford postulate that when the 

block Toeplitz operators are hyponormal on the 

space of all vector functions where the component 

functions are in Hardy spaces. Another research 

about the hyponormality and also subnormality of 

block Toeplitz operators defined on vector-valued 

Hardy space due to the authors in [5]. Also, on 

vector-valued Hardy spaces, I. Hwang and W. Lee in 

[6], investigated 𝐵𝑇𝛶
𝑚 with a matrix-valued rational 

symbol. For a vector-valued Bergman space, J. Lee 

in [7], inspected the hyponormality of 𝐵𝑇𝛶
𝑚  with 

matrix-valued ploynomial functions of degree 2. 

Moreover, in [8], block Toeplitz operators are 

defined on vector-valued Fock space 𝐹𝜗,𝑚
𝑝

, for a 

special case, when 𝜗 =
1

2
|𝜔|2. 

2. Preliminaries 

The aim of this section is to reestablish certain 

known definitions that are needed in subsequent 

sections. 

Definition 2.1, [9]. 

Hypothesize that 0 ≠ 𝜗 is a subharmonic function on 

𝐶 such that 𝑑𝜈 = ∆𝜗𝑑𝑅 is a doubling measure, where 

∆𝜗 = 𝜗𝑥𝑥 + 𝜗𝑦𝑦 and 𝑑𝑅 is the Lebesgue area measure 

on 𝐶. For 1 < 𝑝 < ∞, 𝐿𝜗
𝑝

 is the space of all Lebesgue 

measurable functions 𝜑 defined on 𝐶 with  

‖𝜑‖𝑝,𝜗
𝑝

= ∫|𝜑(𝜔)|𝑝𝑒−𝑝𝜗(𝜔)𝑑𝑅(𝜔) < ∞
𝐶

. 

The doubling Fock space 𝐹𝜗
𝑝
 is defined as follows 

𝐹𝜗
𝑝

= 𝐿𝜗
𝑝

∩ 𝐻(𝐶), 

where, 𝐻(𝐶) is the set of all holomorphic functions 

defined on 𝐶. It is a closed subspace of 𝐿𝜗
𝑝

. For 𝑝 ≥ 1, 
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it is known that the doubling Fock space 𝐹𝜗
𝑝
 is a 

Banach space, and for 𝑝 = 2, 𝐹𝜗
2 is considered to be a 

Hilbert space with the next inner product: 

〈𝜑1, 𝜑2〉 = ∫𝜑1(𝜔)𝜑2(𝜔)̅̅ ̅̅ ̅̅ ̅̅ 𝑒−2𝜗(𝜔)𝑑𝑅(𝜔).
𝐶

 

Definition 2.2, [10]. 

The Toeplitz operator 𝑇𝜂: 𝐹𝜗
2 → 𝐹𝜗

2 and the Hankel 

operator 𝐻𝜂: 𝐹𝜗
2 → (𝐹𝜗

2)⊥ with the symbol 𝜂 ∈ 𝐿∞(𝐶) 

are defined by 

𝑇𝜂(𝜑) = 𝑃𝜗(𝜂𝜑)      and    

   𝐻𝜂(𝜑) = (𝐼 − 𝑃𝜗)(𝜂𝜑) = 𝜂𝜑 − 𝑃𝜗(𝜂𝜑) 

for all 𝜑 ∈ 𝐹𝜗
2, where 𝑃𝜗: 𝐿𝜗

2 → 𝐹𝜗
2 is the orthogonal 

projection and I is the identity operator on 𝐹𝜗
2. It is 

known that the Toeplitz operator 𝑇𝜂 is bounded and 

‖𝑇𝜂‖ = ‖𝜂‖∞. The relation between Toeplitz and 

Hankel operators can be summarized by the 

following equation 

𝑇𝜂𝜆 = 𝑇𝜂𝑇𝜆 + 𝑇𝜂𝐻𝜆,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝜂, 𝜆 ∈ 𝐿∞(𝐶)         … (2.1) 

We end this section by recalling the definition of 

Fredholm operators.  

Definition 2.3, [11]. 

The condition for a bounded linear operator 𝑇 on a 

Banach space 𝛯  to be Fredholm is when the 

dimension of the kernel 𝑇  is finite and the 

dimension of (𝛯  / 𝑇(𝛯 )) is not infinite. The index 

equation of 𝑇 is given by  

ind(𝑇)= dim(Ker 𝑇)dim(𝛯 / 𝑇(𝛯)). 

If 𝐾  is a compact operator on 𝛯 , then 𝑇 + 𝐾  is 

Fredholm and ind(𝑇 + 𝐾)=ind(𝑇). 

3. Block Toeplitz on vector-valued doubling Fock 

spaces 

This section is devoted to defining of the space 𝐹𝜗,𝑚
𝑝

 

and providing the definition of the operator 

𝐵𝑇𝛶
𝑚: 𝐹𝜗,𝑚

𝑝
→ 𝐹𝜗,𝑚

𝑝
. 

Definition 3.1 

Hypothesize that 𝑚 ∈ 𝑁, 1 < 𝑝 < ∞, and 0 = 𝜗 is a 

subharmonic function on 𝐶. The space 𝐿𝜗,𝑚
𝑝

 is 

defined as a collection of all vector functions 𝐹 =

(
𝑓1

⋮
𝑓𝑚

), where the component functions 𝑓1, ⋯ , 𝑓𝑚, are 

in 𝐿𝜗
𝑝

, with the norm 

‖𝐹‖𝜗,𝑚 = ∑‖𝑓𝑙‖𝑝,𝜗
𝑝

        … (3.1)

𝑚

𝑙=1

 

The vector-valued doubling Fock space 𝐹𝜗,𝑚
𝑝

is the 

family of all vectors 𝐹 = (

𝜑1

⋮
𝜑𝑚

), where the component 

functions 𝜑1, ⋯ , 𝜑𝑚, are in 𝐹𝜗
𝑝
, it is a closed subspace 

of 𝐿𝜗,𝑚
𝑝

. 

Definition 3.2 

Hypothesize that 𝑚 ∈ 𝑁, the symbol 𝐿𝑚
∞ (𝐶) is used to 

indicate the space of all square matrices 𝛶, with the 

inlets 𝜂𝑖𝑗  are functions in 𝐿∞(𝐶) , 1 ≤ 𝑖, 𝑗 ≤ 𝑚 . 𝛶  is 

called a matrix-valued function and 

‖𝛶‖𝐿𝑚
∞(𝐶) = ∑ ‖𝜂𝑖,𝑗‖

𝐿∞(𝐶)

𝑚

𝑖,𝑗=1

. 

Given 𝛶 ∈ 𝐿𝑚
∞ (𝐶)  and for any 𝐹 ∈ 𝐹𝜗,𝑚

𝑝
, we set the 

formula of the block Toeplitz operator 𝐵𝑇𝛶
𝑚 on 𝐹𝜗,𝑚

𝑝
 

as follows: 

𝐵𝑇𝛶
𝑚𝐹 = 𝐵𝑃𝜗,𝑚(𝛶𝐹) = 𝐵𝑃𝜗,𝑚 (∑ 𝜂𝑖𝑗𝜑𝑗

𝑚

𝑗=1

)

1≤𝑖≤𝑚

𝑇

= (∑ 𝑇𝜂𝑖𝑗
𝜑𝑗

𝑚

𝑗=1

)

1≤𝑖≤𝑚

𝑇

    … (3.2) 

   = (

𝑇𝜂11
⋯ 𝑇𝜂1𝑚

⋮ ⋱ ⋮
𝑇𝜂𝑚1

⋯ 𝑇𝜂𝑚𝑚

)

𝑚×𝑚

(

𝜑1

⋮
𝜑𝑚

)

𝑚×1

                  

where 𝐵𝑃𝜗,𝑚: 𝐿𝜗,𝑚
𝑝

→ 𝐹𝜗,𝑚
𝑝

 is the projection operator. 

The next result shows that 𝐵𝑇𝛶
𝑚 is bounded. 

Lemma 3.3 

Hypothesize that 𝑚 ∈ 𝑁. Then 𝐵𝑇𝛶
𝑚 is bounded and 

linear on 𝐹𝜗,𝑚
𝑝

. 

Proof: 

Suppose that 𝛶 ∈ 𝐿𝑚
∞ (𝐶), then  

𝛶 = (

𝜂11 ⋯ 𝜂1𝑚

⋮ ⋱ ⋮
𝜂𝑚1 ⋯ 𝜂𝑚𝑚

)

𝑚×𝑚

 

where, 𝜂𝑖𝑗 ∈ 𝐿∞(𝐶). This indicates that 𝑇𝜂𝑖𝑗
 is 

bounded on 𝐹𝜗
𝑝
 for all 𝑖, 𝑗 = 1, ⋯ , 𝑚. Using Equation 

(3.2), 

http://www.anjs.edu.iq/
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‖𝐵𝑇𝛶
𝑚(𝐹)‖𝜗,𝑚 = ‖(

𝑇𝜂11
𝜑1 + ⋯ + 𝑇𝜂1𝑚

𝜑𝑚

⋮
𝑇𝜂𝑚1

𝜑1 + ⋯ + 𝑇𝜂𝑚𝑚
𝜑𝑚

)

𝑚×1

‖

𝜗,𝑚

 

From (3.1), 

‖𝐵𝑇𝛶
𝑚(𝐹)‖𝜗,𝑚 = ∑‖𝑇𝜂𝑖1

𝜑1 + ⋯ + 𝑇𝜂𝑖𝑚
𝜑𝑚‖

𝐹𝜗
𝑝

𝑚

𝑖=1

 

                            ≤ ∑ (‖𝑇𝜂𝑖1
𝜑1‖

𝑝,𝜗
+ ⋯ + ‖𝑇𝜂𝑖𝑚

𝜑𝑚‖
𝑝,𝜗

)

𝑚

𝑖=1

 

               ≤ ∑ ‖𝜂𝑖𝑗‖
𝐿∞(𝐶)

‖𝜑𝑗‖
𝑝,𝜗

𝑚

𝑖,𝑗=1

            

hence, ‖𝐵𝑇𝛶
𝑚‖𝜗,𝑚 ≤ ‖𝛶‖𝐿𝑚

∞(𝐶).  

The linearity of 𝐵𝑇𝛶
𝑚 follows directly from Equation 

(3.2). The next lemma characterizes the 

compactness of 𝐵𝑇𝛶
𝑚 for specific class of matrix-

valued function 𝛶. 

 

Lemma 3.4 

Assume that 𝑚 ∈ 𝑁 and  𝛶 is given by 

𝛶 = (

𝜂11 ⋯ 𝜂1𝑚

⋮ ⋱ ⋮
𝜂𝑚1 ⋯ 𝜂𝑚𝑚

)

𝑚×𝑚

 

where each 𝜂𝑖𝑗 is defined on 𝐶 and continuous, and 

𝜂𝑖𝑗(𝑤) → 0 𝑎𝑠 𝑤 → ∞. Then 𝐵𝑇𝛶
𝑚 is compact on 𝐹𝜗,𝑚

𝑝
. 

Proof: 

Using the continuity of 𝜂𝑖𝑗, and since 𝜂𝑖𝑗(𝑤) →

0 𝑎𝑠 𝑤 → ∞, then Theorem 4.2 in [12], shows that 

each 𝑇𝜂𝑖𝑗
 is compact on 𝐹𝜗

𝑝
. Take a sequence {𝐹𝜅}𝜅=1

∞  

which is bounded in 𝐹𝜗,𝑚
𝑝

, this means that each 𝐹𝜅 is 

a vector of 𝑚 functions that contained in 𝐹𝜗
𝑝
. Now 

𝐵𝑇𝛶
𝑚({𝐹𝜅}𝜅=1

∞ ) = 𝐵𝑇𝛶
𝑚(𝐹1), 𝐵𝑇𝛶

𝑚(𝐹2), ⋯ 

  = (

𝑇𝜂11
⋯ 𝑇𝜂1𝑚

⋮ ⋱ ⋮
𝑇𝜂𝑚1

⋯ 𝑇𝜂𝑚𝑚

)

𝑚×𝑚

(

𝜑11

⋮
𝜑𝑚1

)

𝑚×1

,

(

𝑇𝜂11
⋯ 𝑇𝜂1𝑚

⋮ ⋱ ⋮
𝑇𝜂𝑚1

⋯ 𝑇𝜂𝑚𝑚

)

𝑚×𝑚

(

𝜑12

⋮
𝜑𝑚2

)

𝑚×1

, ⋯ 

= ({𝑇𝜂11
𝜑1𝜅}

𝜅=1

∞
+ ⋯ {𝑇𝜂1𝑚

𝜑1𝜅}
𝜅=1

∞
) , ⋯ , ({𝑇𝜂𝑚1

𝜑1𝜅}
𝜅=1

∞

+ ⋯ {𝑇𝜂𝑚𝑚
𝜑1𝜅}

𝜅=1

∞
) 

Since {𝐹𝜅}𝜅=1
∞  is bounded, then {𝑇𝜂𝑖𝑗

𝜑𝑖𝜅}
𝜅=1

∞

is bounded 

sequence in 𝐹𝜗
𝑝
 for all 𝑖, 𝑗 = 1, ⋯ , 𝑚, but each 𝑇𝜂𝑖𝑗

 is 

compact, thus {𝑇𝜂𝑖𝑗
𝜑𝑖𝜅}

𝜅=1

∞

 has a convergent 

subsequence, say {𝑇𝜂𝑖𝑗
𝑎𝑖𝜅}

𝜅=1

∞

. This implies that 

𝐵𝑇𝛶
𝑚({𝐹𝜅}𝜅=1

∞ ) has a convergent subsequence in 𝐹𝜗,𝑚
𝑝

. 

Hence 𝐵𝑇𝛶
𝑚 is compact on 𝐹𝜗,𝑚

𝑝
. 

3. Fredholm properties of 𝑻𝜰
𝒎  with 𝜰  is matrix-

valued function 

This section specifically investigated  the conditions 

of the block Toeplitz operators that are defined on 

vector-valued doubling Fock spaces to be Fredholm. 

The symbol 𝑉𝑀𝑂𝑝 is used to represent the space of 

all locally integrable functions 𝑔 (that is, functions 

integrable on every compact subset of 𝐶 ) whose 

mean oscillation vanishes, where 1 ≤ 𝑝 < ∞ . The 

symbol 𝑉𝑂 denotes to the space of all functions that 

are continuous and of vanishing oscillation. 

Moreover, the symbol 𝑉𝐴𝑝 is used to represent the 

space of all functions that are of vanishing average. 

A significant property of 𝑉𝑀𝑂𝑝 , is that for any 

function 𝑔 ∈ 𝑉𝑀𝑂𝑝 , 𝑔 = 𝑔1 + 𝑔2 , where 𝑔1 ∈ 𝑉𝑂  and 

𝑔2 ∈ 𝑉𝐴𝑝. For more details about these spaces, see 

[13]. For each 𝑚 ∈ 𝑁 , the symbol 𝑉𝑂𝑚  denotes the 

space of all square matrices 𝛶 whose entries 𝜂𝑖𝑗 are 

essentially bounded functions and 𝜂𝑖𝑗 ∈ 𝑉𝑂 , for all 

1 ≤ 𝑖, 𝑗 ≤ 𝑚. Similarly, 𝑉𝑀𝑂𝑚
1  denotes the space of all 

square matrices 𝛶 whose entries 𝜂𝑖𝑗  are essentially 

bounded functions belonging to 𝑉𝑀𝑂1 , for all 1 ≤
𝑖, 𝑗 ≤ 𝑚. In reference [12], Theorem 3.5, Hu and Lv 

proved that for 𝜂  is an essential bounded 

measurable function defined on 𝐶, the compactness 

of the Hankel operator 𝐻𝜂  on 𝐹𝜗
2  is satisfied if and 

only if,  𝜂 ∈ 𝑉𝑀𝑂1. Depending on this 

characterization and Equation (2.1), the following 

result is obtained. 

Lemma 4.1 

Assume that 𝑚 ∈ 𝑁 and  𝛶 ∈ 𝑉𝑂𝑚 or 𝛶 ∈ 𝑉𝑀𝑂𝑚
1 . Then 

the entries of the block Toeplitz operator 𝐵𝑇𝛶
𝑚  are 

commute modulo compact operators. 

Proof. 

Since 𝛶 ∈ 𝑉𝑂𝑚 , then each 𝜂𝑖𝑗 ∈ 𝐿∞(𝐶) ∩ 𝑉𝑂 . From 

Theorem 3.5 in [13], each Hankel operator 𝐻𝑔𝑖𝑗
 is 

compact on 𝐹𝜗
2. From equation (3.1), 𝑇𝜂𝑖𝑗

𝑇𝜂𝑘𝑛
− 𝑇𝜂𝑖𝑗𝜂𝑘𝑛

 

is compact on 𝐹𝜗
2, for all 𝜂𝑖𝑗 , 𝜂𝑘𝑛 ∈ 𝛶 Hence, 
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𝑇𝜂𝑖𝑗
𝑇𝜂𝑘𝑛

− 𝑇𝜂𝑘𝑛
𝑇𝜂𝑖𝑗

= 𝑇𝜂𝑖𝑗
𝑇𝜂𝑘𝑛

− 𝑇𝜂𝑖𝑗𝜂𝑘𝑛

− (𝑇𝜂𝑘𝑛
𝑇𝜂𝑖𝑗

− 𝑇𝜂𝑘𝑛𝜂𝑖𝑗
) 

is compact. The next result is obtained by using the 

previous lemma and is similar to Lemma 21 in [8]. 

Lemma 4.2 

Assume that 𝑚 ∈ 𝑁 and  𝛶 ∈ 𝑉𝑂𝑚. Then  

𝐷𝑒𝑡 𝐵𝑇𝛶
𝑚 = 𝑇𝐷𝑒𝑡 𝛶 + 𝐾, 

where, 𝐾 is compact operator. 

Proof. 

For any 𝑚 × 𝑚 matrix 𝛶, then the determinant of 𝛶 

is given by 

𝐷𝑒𝑡( 𝛶) = ∑ 𝑠𝑔𝑛(𝛿) ∏ 𝜂𝑖𝛿(𝑖)

𝑚

𝑖=1𝜎∈𝜇𝑚

 

where, 𝜇𝑚  the set of 𝑚 -permutations and 𝑠𝑔𝑛(𝛿) 

refers to the sign of each permutation. As 𝐵𝑇𝛶
𝑚 is an 

𝑚 × 𝑚 matrix, then  

𝐷𝑒𝑡 𝐵𝑇𝛶
𝑚 = ∑ 𝑠𝑔𝑛(𝛿)

𝛿∈𝜇𝑚

𝑇𝜂1𝛿(1)
𝑇𝜂2𝛿(2)

⋯ 𝑇𝜂𝑚𝛿(𝑚)
. 

Using Lemma 4.2 and for 𝜂𝑖 ∈ 𝐹𝜗
2, 

𝐷𝑒𝑡( 𝐵𝑇𝛶
𝑚(𝐹)) = ∑ 𝑠𝑔𝑛(𝛿)

𝛿∈𝜇𝑚

𝑇𝜂1𝛿(1)𝜂2𝛿(2)⋯𝜂𝑚𝛿(𝑚)
(𝐹)

+ 𝐾(𝐹)

= 𝑃𝜗 ( ∑ 𝑠𝑔𝑛(𝛿)

𝛿∈𝜇𝑚

𝜂1𝛿(1)𝜂2𝛿(2) ⋯ 𝜂𝑚𝛿(𝑚)(𝐹)) + 𝐾(𝐹)

= 𝑇𝐷𝑒𝑡( 𝛶)(𝐹) + 𝐾(𝐹),   𝑓𝑜𝑟 𝑎𝑙𝑙 𝐹 ∈ 𝐹𝜗,𝑚
𝑝

 

In [12], Theorem 2.1, the authors proved that 𝜂 is an 

essential bounded measurable function on 𝐶 and 𝜂 ∈
𝑉𝑂 , then  𝑇𝜂  is Fredholm on 𝐹𝜗

2  .if and only if for 

some 𝛼 > 0, |(𝜂)(𝜔)| > 𝛼,  for all 𝜔  outside the disk 

𝐷(0, 𝛼) . Notably, for any block operator 𝐵𝑇𝑚 =

(𝑇𝑖𝑗)
𝑖,𝑗=1

𝑚
 defined on the Banach space 𝛯𝑚 , it is 

known that if all entries of 𝐵𝑇𝑚 that are commute 

modulo compact operators, then  𝐵𝑇𝑚 is Fredholm if 

and only if  𝐷𝑒𝑡( 𝐵𝑇𝑚) , Theorem 2.1, [14]. Using 

these two significant results, we proved our main 

theorem in this section. 

Theorem 4.3 

Hypothesize that 𝑚 ∈ 𝑁  and 𝛶  is a matrix-valued 

symbol such that 𝛶 ∈ 𝑉𝑂𝑚. Then the necessary and 

the sufficient condition for the Fredholmness of  

𝐵𝑇𝛶
𝑚 on 𝐹𝜗,𝑚

2  is given by 

|𝐷𝑒𝑡(𝛶)(𝜔)| > 𝛼 > 0, for all 𝜔 outside the disk 

𝐷(0, 𝛼). 

Proof. 

Since 𝛶 ∈ 𝑉𝑂𝑚 , then each 𝜂𝑖𝑗 ∈ 𝐿∞(𝐶) ∩ 𝑉𝑂 . Using 

Theorem 2.1 in [12],  𝑇𝜂𝑖𝑗
 is Fredholm on 𝐹𝜗

2 if and 

only if |(𝜂𝑖𝑗)(𝜔)| > 𝛼,  for all 𝜔  outside the disk 

𝐷(0, 𝛼), for all 1 ≤ 𝑖, 𝑗 ≤ 𝑚. Thus 𝑇𝐷𝑒𝑡(𝛶) is Fredholm 

if an only if |𝐷𝑒𝑡(𝛶)(𝜔)| > 𝛼 > 0, for all 𝜔 outside the 

disk 𝐷(0, 𝛼). From the previous lemma, 𝐷𝑒𝑡(𝐵𝑇𝛶
𝑚) is 

Fredholm if and only if  𝑇𝐷𝑒𝑡(𝛶) is Fredholm, hence 

𝐷𝑒𝑡(𝐵𝑇𝛶
𝑚)  is Fredholm if and only if |𝐷𝑒𝑡(𝛶)(𝜔)| >

𝛼 > 0, for all 𝜔 outside the disk 𝐷(0, 𝛼). Lemma 4.2 

shows that the elements of  𝐵𝑇𝛶
𝑚  are commute 

modulo compact operators. Therefore, by using 

Theorem 2.1 in [14],  𝐵𝑇𝛶
𝑚 is Fredholm if and only if 

𝐷𝑒𝑡(𝐵𝑇𝛶
𝑚)  is Fredholm which means that 𝐵𝑇𝛶

𝑚  is 

Fredholm if and only if |𝐷𝑒𝑡(𝛶)(𝜔)| > 𝛼 > 0, for all 𝜔 

outside the disk 𝐷(0, 𝛼). In [15], Theorem 4.9, Hu 

and Virtanen gave the necessary and the sufficient 

condition for the operator 𝑇𝜂 to be Fredholm on  𝐹𝜗
2, 

where 𝜂 ∈ 𝑉𝑀𝑂1. This condition is  

0 < 𝑙𝑖𝑚
|𝜔|→∞

𝑖𝑛𝑓|𝜂̃(𝜔)| ≤ 𝑙𝑖𝑚
|𝜔|→∞

𝑠𝑢𝑝|𝜂̃(𝜔)| < ∞       … (4.1) 

where, 𝜂̃ is the Berezin transform of 𝜂, see [14]. 

Using this outcome, the following theorem is 

achieved. 

Theorem 4.4 

Hypothesize that 𝑚 ∈ 𝑁  and 𝛶  is matrix-valued 

symbol such that 𝛶 ∈ 𝑉𝑀𝑂𝑚
1 .Then the necessary and 

the sufficient condition for the Fredholmness of  

𝐵𝑇𝛶
𝑚 on 𝐹𝜗,𝑚

2  is given by 

0 < 𝑙𝑖𝑚
|𝜔|→∞

𝑖𝑛𝑓|𝐷𝑒𝑡(𝛶)̃  (𝜔)|

≤ 𝑙𝑖𝑚
|𝜔|→∞

𝑠𝑢𝑝|𝐷𝑒𝑡(𝛶)̃ (𝜔)|

< ∞       … (4.2) 

Proof. 

Since 𝛶 ∈ 𝑉𝑀𝑂𝑚
1 , then each 𝑔𝑖𝑗 ∈ 𝐿∞(𝐶) ∩ 𝑉𝑀𝑂1 . 

Using Theorem 4.9 in [15],  𝑇𝜂𝑖𝑗
 is Fredholm on 𝐹𝜗

2 if 

and only if (4.1) holds for 𝜂𝑖𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑚. Thus 𝑇𝐷𝑒𝑡 𝛶 

is Fredholm if an only if 𝐷𝑒𝑡(𝛶) satisfies (4.2). From 

the lemma 3.3, 𝐷𝑒𝑡(𝐵𝑇𝛶
𝑚)  is Fredholm if and only if  

𝑇𝐷𝑒𝑡 𝛶  is Fredholm, hence 𝐷𝑒𝑡(𝐵𝑇𝛶
𝑚)  is Fredholm if 

and only if 𝐷𝑒𝑡(𝛶) satisfies (4.2). Lemma 4.2 shows 

that the elements of  𝐵𝑇𝛶
𝑚  are commute modulo 

http://www.anjs.edu.iq/
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compact operators. Therefore, by using Theorem 2.1 

in [14], 𝐵𝑇𝛶
𝑚 is Fredholm if and only if 𝐷𝑒𝑡(𝐵𝑇𝛶

𝑚)  is 

Fredholm which means that 𝐵𝑇𝛶
𝑚 is Fredholm if and 

only if 𝐷𝑒𝑡(𝛶)  satisfies (4.2). 

5. Conclusions and Recommendations  

For a subharmonic function 0 ≠ 𝜗 on 𝐶 and 1 ≤ 𝑚 <
∞, the vector-valued doubling Fock spaces 𝐹𝜗,𝑚

𝑝
 are 

defined to be the collection of all vector-valued 

functions 𝐹𝑚×1, where the component functions are 

in 𝐹𝜗
𝑝

. This article introduces the block Toeplitz 

operator 𝐵𝑇𝛶
𝑚  on 𝐹𝜗,𝑚

𝑝
, where the symbol 𝛶 =

(𝜂𝑖𝑗)1≤𝑖,𝑗≤𝑚 is a matrix-valued function and each 𝜂𝑖𝑗 

is a function in 𝐿∞(𝐶) . The investigation showed 

that  𝐵𝑇𝛶
𝑚   is bounded on 𝐹𝜗,𝑚

𝑝
 with regard to this 

symbol 𝛶. Moreover, with some conditions on 𝛶, the 

compactness and Fredholm properties of  𝐵𝑇𝛶
𝑚  on 

𝐹𝜗,𝑚
𝑝

are thus characterized. A vital extension to this 

work is the calculation of the index formula of  𝐵𝑇𝛶
𝑚 

when it is Fredholm and this requires more 

conditions on the symbol 𝛶  that make all 

commutators of the interties of 𝐵𝑇𝛶
𝑚 is a finite rank 

or trace class, [3]. Furthermore, studying the 

normality and hyponormality of  𝐵𝑇𝛶
𝑚  on vector-

valued Fock space 𝐹𝜗,𝑚
𝑝

 will be Fascinating. 

However, another interesting work is to find a 

solution for the operator equation 𝐴𝑇 + 𝑇∗𝐵 = 𝐶 , 

where 𝐴, 𝐵  are two Toeplitz operators on Fock 

spaces. The solution of this operator equation has 

been investigated in [16], where 𝐴, 𝐵  are two 

bounded linear normal operators on Hilbert space. 
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