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Abstract 

This paper describes a three species food web model with linear functional response and 

incidence disease. This model consisting of a prey, intermediate predator and top predator where 

harvesting of top predator species and SIS disease spread in prey are taken into consideration. The 

stability analysis of all possible equilibrium points are carried out. We discussed the effect both of 

harvest and disease on the stability of this model. Finally, we used the numerical simulations to 

verify the analytical results. 
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Introduction 

Mathematics is one way to explain many of 

the ideas and concepts in the sciences. In the 

field of food webs play a very important role 

in ecology, a lot of theoretical studies were 

carried out since the beginning of last century 

to explain the interaction between the 

ecological communities. One particular study 

describes the interaction between one 

population (prey) and the other (predator) 

living in a closed environment with the three 

populations striving for survival, for example 

see [1-6]. On the other hand densely populated 

areas are a good incubator for the spread of 

infectious diseases. Therefore, there is 

increasing opportunity for the spread of 

diseases among the communities interacting 

with each other [7-18]. There are numerous 

studies on the effects of harvesting on 

population growth. In the context of predator-

prey interaction, some studies that treat the 

populations being harvested as a 

homogeneous resource include those [19-26]. 

In this paper, we proposed and analyzed a 

three species food web model in which the 

prey follows the susceptible-infected-

susceptible cycle and the top predator is 

harvested. In this model, we used linear form 

as a functional response and disease incidence 

for describing the transition of diseases. To be 

followed by a study on the stability of the 

equilibrium points. Next, we discuss the 

nature of the solutions and finally the 

numerical simulations to support the model. 

 

 

Mathematical Model 

We consider the following system as a 

model simulating a tritophic level food chain. 

The dynamics of three species food chain 

model with linear type of function response is 

governed by the following differential 

equation, where  TN is the population 

density of the lowest trophic level species 

(prey) at time T , there is SIS (Susceptible-

Infected-Susceptible) epidemic disease spread 

among the prey population and it transmitted 

between the prey individuals by contact, 

according to linear incidence rate with 

infection rate constant 03 h . The infected 

prey can be recovered and become susceptible 

again with recovery rate constant 05 h . 

Therefore, the total prey population is divided 

into two classes: susceptible individuals that is 

denoted by  TS , and infected individuals that 

is denoted by  TI . Hence at any time T  the 

total prey population is    TITSTN  )( . 

 TX is the population density of the middle 

trophic level species (intermediate predator) at 

time T  and  TY is the population density of 

highest trophic level species (top predator) at 

time T . 
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It is assumed that, all the model parameters 

are positive values. The prey  TN  grows with 

intrinsic growth rate 1h  and carrying capacity 
1

21
hh  in absence of predation. The 

intermediate predator grows logistically with 

intrinsic growth rate 8h  and carrying 

capacity 1
98
hh , also the top predator grows 

logistically with intrinsic growth rate 13h  and 

carrying capacity 1
1413
hh . The predator X  

consumes the prey S  and I  with maximum 

attack rates 4h and 6h  respectively, while 

predator Y  preys upon X  according to 

maximum attack rate 12h . The parameters 

1110 , hh  and 15h  are conversion rates of prey 

to predator for species X  and Y  respectively, 

for which 116104 , hhhh   and 1512 hh  . 

The parameter 7h  is disease induced mortality 

rate for species I . Finally, 0q  is the catch 

ability co-efficient of the predator, 0E  is the 

harvesting effort and qEY  is the catch-rate 

function based on the CPUE (catch-per-unit-

effort) hypothesis. 

The Jacobian matrix of system (1) is 

  44 jiJ  , with entries 
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Yh

YhIhShXhh

XhXhXh

IhhhXhSh

IhShShh

ShXhIhIhShh


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By introducing the total environment 

population          TYTXTITST  , 

summing the equation (1) and bounding the 

right-hand from above, following the steps of 

[27], boundedness of the solution trajectories 

of this model is established. In particular, 
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where  qEh ,min0 7  

In what follows, the system's equilibria are kE  

and we denote by kJ  and  k
ji  the Jacobian 

and its entries evaluated at ,4,3,2,1, iEk  

11,,1,0,4,3,2,1  kj . 

 

Analysis of System 

Clearly the origin equilibrium point 

 0,0,0,00 E  is a trivial solution of the 

system (1), and the Jacobian matrix at 0E  

becomes a triangular matrix, then the 

eigenvalues are     0,0 8
0

1
0  hh XS   

    075
0  hhI  and   qEhY  13

0 . Yield, 

0E  is a saddle point (unstable). By the same 

way, the Jacobian matrix at the equilibrium 

point  0,0,0,11 SE   where 1
211
 hhS   

becomes a triangular matrix, and the 

eigenvalues are 
 

     ,,0 7513
1

1
1 hhShh IS  

  01108
1  ShhX  and   qEhY  13

1 .  
 

Therefore the equilibrium point 1E  is 

always saddle point (unstable). The 

equilibrium point  0,,0,0 22 XE   where 
1

982
 hhx  has the following characteristic 

equation: 
 

          
    
     02
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2
21513

2
8

2
241

2







I

Y

XS

hhXh

qEXhh

hXhhP




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So, the eigenvalues are     07526
2

 hhXhI   

 
    0, 8

2
241

2  hXhh XS   and 

  qEXhhY  21513
2 .  

 

Therefore the equilibrium point 2E  is 

locally asymptotically stable if and only if 

  1
15132

1
41

  hhqEXhh  and qEh 13  hold. 

Otherwise, 2E  is saddle point (unstable). The 

equilibrium point is  33 ,0,0,0 YE   where 

  1
14133
 hqEhY  and the necessary and 

sufficient condition for existence 3E  is 

qEh 13 , the eigenvalues are 
 

 
3128

3 YhhX 

      ,0,0 75
3

1
3  hhh IS   and  

    013
3  qEhY .  
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Therefore the equilibrium point 3E  is 

saddle point (unstable). The equilibrium point 

 0,0,, 444 ISE   where   1
3754
 hhhS  and 

 
 742

4214
4

hSh

ShhS
I




 , the necessary and 

sufficient condition for existence 4E  is 

4
1

21 Shh   , and the characteristic equation is: 
 

            
  
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2
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2

4
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4
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4
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



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


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
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So, the eigenvalues are 
    qEhIhShh YX  13

4
4114108

4 ,0   and 

      074243
44  hShIhIS   

   
4342421

44 2 IhIhShhIS   .  
 

Therefore the equilibrium point 4E  is 

saddle point (unstable). Now, we turn to  

the investigation of equilibria 

  11,,6,5,,,,  kYXISE kkkkk  of system 

(1). The equilibrium points in which simple 

prey-predator model namely  0,,0, 555 XSE   

and  777 ,,0,0 YXE   where 
 

 
 92104

8491
5

hhhh

hhhh
S




 , 

 
 92104

82101
5

hhhh

hhhh
X




  with 

the feasibility conditions 9184 hhhh  , and 

 
 1512149

131212148
7

hhhh

hhqEhhh
X




 ,

 

12

798
7

h

Xhh
Y


  with feasibility conditions 

131212148 hhqEhhh   and 1
987
 hhX   

 

respectively. The equilibrium point 

 666 ,0,0, YSE   where 1
216
 hhS  and 

  1
14136
 hqEhY  with the feasibility 

condition qEh 13 . Also, we have Eco-

Epidemiological model with equilibrium point 

 0,,, 8888 XISE   where  
 

 

    

116

75986810693
8

6

7583
8 ,

hh

hhhhhShhhh
I

h

hhSh
X







 

while 8S  represents a positive root of the 

equation 032
2

1  ASASA  where 

  

    
   

   0
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
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Obviously, 8E  exists uniquely in the 

interior of the first octant of SIX space if and 

only if 10693 hhhh   and 

   
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

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




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The equilibrium point  9999 ,0,, YISE   

where components  
 

   
 927
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9

3
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Shh

SShh
I

h
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S







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 
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13
9

h
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Y


  with feasibility conditions 

2

1
9
h

h
S   and qEh 13 . We have food chain 

model with equilibrium point  
 

 10101010 ,,0, YXSE   where: 

 
,
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Y

h
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



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1
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151211312414911241484 ,




hhS
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and qEXhh  101513 . Finally, we have the 

coexistence equilibrium point 

 1111111111 ,,, YXISE   with components  
 

   
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while 11X  represents a positive root of the 

following second order polynomial equation 

032
2

1  AXAXA  where 



Rasha Majeed Yaseen 

 134 

  
 
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Therefore, straight forward computation 

shows that 11E  exists uniquely in the int. 4
  if 

and only if qEXhh  111513 , 

1141121 XhShh   and one set the following 

conditions holds 
 

00

00

31

31





AandA

or

AandA

 

 

Theorem (1): 

The equilibrium point 5E  is locally 

asymptotically stable in 4
  if and only if: 
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Proof:  

The Jacobian matrix of the system (1) at 5E  is 

given by: 
 

 
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So, the characteristic equation of 5J  can be 

written by  
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from which, we obtain that:  
    qEXhhhhXhSh YI  51513

5
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5 ,
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Here      555 ,, XIS   and  5
Y  denote to the 

eigenvalues in the S direction, I direction, 

X direction and Y direction, respectively. 

So, it is easy to verify that, all the eigenvalues 

have negative real parts if and only if the 

condition (2) holds. Therefore, the equilibrium 

point 5E is locally asymptotically stable in 4
 . 

 

Theorem (2): 

The equilibrium point 6E  is locally 

asymptotically stable in 4
  if and only if: 

 7563
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Proof: 
  The Jacobian matrix of the system (1) at 

6E  is given by: 
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Sh
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So, the characteristic equation of 6J  can be 

written by  
 

            
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6
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6
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6
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
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from which, we obtain that: 
 

     
        0,

,,0

13
5

6126108
6
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6

1
6
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
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Here      666 ,, XIS   and  6
Y  denote to the 

eigenvalues in the S direction, I direction, 

X direction and Y direction, respectively. 

So, it is easy to verify that, all the eigenvalues 

have negative real parts if and only if the 

condition (3) holds. Therefore, the equilibrium 

point 6E is locally asymptotically stable in 4
 . 

 

Theorem (3): 

The equilibrium point 7E  is locally 

asymptotically stable in 4
  if and only if 

7
1

41 Xhh  . 
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Proof:  
The Jacobian matrix of the system (1) at 

7E  is given by: 






















































714715

71279711710

75

76

5
74

1

7

00

000

00

YhYh

XhXhXhXh
hh

Xh

h
Xh

h

J  

 

So, the characteristic equation of 7J  can be 

written by  
 

            
      

  




















771512149

7
71479

27

7
7576

7
741

7

YXhhhh

YhXh

hhXhXhhP IS





 

from which, we obtain that  
 

      0, 7576
7

741
7  hhXhXhh IS   

     
    0

,0

1512149
77

71479
77





hhhh

YhXh

YX

YX




 

 

Here      777 ,, XIS   and  7
Y  denote to the 

eigenvalues in the S direction, I direction, 

X direction and Y direction, respectively. 

So, it is easy to verify that, all the eigenvalues 

have negative real parts if and only if 

7
1

41 Xhh   holds. Therefore, the equilibrium 

point 7E  is locally asymptotically stable in 
4
 . 

 

Theorem (4):  
If the following conditions hold 

qEXhh  81513   ........................................ (4a) 
 









896843

8483821 2

XhhShh

XhIhShh
  ........................ (4b) 

Then, the equilibrium point 8E  is a locally 

asymptotically stable. 
 

Proof:  

The Jacobian matrix of the system (1) at 8E  

is given by: 



















































































qEXh

h
XhXhXhXh

IhIh

Sh
Sh

Shh

Xh

IhIh

Shh

J

815

13

81289811810

8683

84
83

825

84

8382

821

8

000

00

0

2

 

So, the characteristic equation of 8J  can be 

written by  

 

       
        





 



3
8

2
28

1
38

81513
88

FFF

qEXhhP Y




 with  

 

   
 
 

8811688104

848382189

89258382832

8948328211

2

2

XIhhXShh

XhIhShhXh

IhhhShShIhF

XhhIhhShhF









 

 

  
  

 
 
   
   

   8438968811838258

8106848328213

8104848328219

894

832821
8321

81143

84832821116

5838210693

883

2

2

2

2

ShhXhhIXhShShhI

XhhXhIhhShhh

ShhXhIhhShhh

Xhh

IhhShh
XFFF

Shhh

XhIhhShhhh

hShShhhhh

XIF













































 

Here  8
Y denote to the eigenvalue in the 

Y direction. The Routh-Hurwitz conditions 

require 3,10  iFi  and 0321  FFF , 

follows from condition (4b) and in addition 

the negativity of the other eigenvalues, namely 

condition (4a). So, according to Routh-

Hurwitz criterion 8E  is locally asymptotically 

stable. 
 

Theorem (5): 

The equilibrium point 9E  is locally 

asymptotically stable in 4
  if and only if  

 
  932921

9
1

129119108

2 IhhShh

YhIhShh



 

  ........................ (5)  

 

Proof:  
The Jacobian matrix of the system (1) at 

9E  is given by: 

     

   

 

    





















9
44

9
43

9
33

9
23

9
21

9
13

9
12

9
11

9

00

000

00

0









J   

where: 
       
     

 

     qEhYh

YhIhShh

IhIhSh

hShIhhShh









13
9
44915

9
43

9129119108
9
33

96
9
2393

9
2194

9
13

792
9
12932921

9
11

;

;

;;;

;2









So, the characteristic equation of 9J  can be 

written by  
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       
       

 

    9
13

79293

9
932921

29

9
9129119108

9

2

Y

X

qEh

hShIh

IhhShh

YhIhShhP






























 

 

from which, we obtain that: 
 

    0

,

13
9

9129119108
9





qEh

YhIhShh

Y

X




 

 

     
      0

,2

79293
99

932921
99





hShIh

IhhShh

IS

IS




 

Here      999 ,, XIS   and  9
Y  denote to the 

eigenvalues in the S direction, I direction, 

X direction and Y direction, respectively. 

So, it is easy to verify that, all the eigenvalues 

have negative real parts if and only if the 

condition (5) holds. Therefore, the equilibrium 

point 9E is locally asymptotically stable in 4
 . 

 

Theorem (6): 

The equilibrium point 10E  is locally 

asymptotically stable in 4
  if and only if  

 

  1
31067510
 hXhhhS   .......................... (6a) 

101210910108 2 YhXhShh    .................... (6b)  
 

Proof: 
The Jacobian matrix of the system (1) at 

10E  is given by: 

     

 

       

    





















10
44

10
43

10
34

10
33

10
32

10
31

10
22

10
13

10
12

10
11

10

00

000

0









J   

where: 
   

     

   

 

     qEXhhYh

YhShXhh

XhhhXhSh

XhXhSh

ShShhSh











101513
10
441015

10
43

101210101098
10
33

1012
10
3475106103

10
22

1011
10
321010

10
31104

10
13

1031025
10
12102

10
11

;

;2

;;

;;;

;;











So, the characteristic equation of 10J  can be 

written by  
       

        




 



3
10

2
210

1
310

75106103
1010

FFF

hhXhShP I




  

with 

 

 
 
 

 
 






















101210101098

142101410415122
10103

1014101

101210101098

101041015121010101422

1014102

1012101010981

2

2

2

YhShXhh

hhXhhhhhh
YSF

YhSh

YhShXhh

ShhYhhXYShhF

YhSh

YhShXhhF

 

 

  
  



















































10121010

1098
101410101512

1012101010981014102

1012101010981021014

10121010

1098
1021010104

321

2

2

2

2

YhSh

Xhh
YhYXhh

YhShXhhYhSh

YhShXhhShYh

YhSh

Xhh
ShXShh

FFF

 

Here  10
I denote to the eigenvalue in the 

I direction. The Routh-Hurwitz conditions 

require 3,10  iFi  and 0321  FFF , 

follows from condition (6b) and in addition 

the negativity of the other eigenvalues, namely 

condition (6a). So, according to Routh-

Hurwitz criterion 10E  is locally asymptotically 

stable. 
 

Theorem (7):  
If the following conditions hold 

 

  11411321121 2 XhIhhShh    ............... (7a) 

1111

11109
3

9

106

Ih

Xhh
h

h

hh
   ............................. (7b) 

 711111121131111149 hXhShIhYXhh    ... (7c) 

Then, the equilibrium point 11E  is a locally 

asymptotically stable. 
 

Proof:  
The Jacobian matrix of the system (1) at 

11E  is given by   11
11 jiJ   where: 

   
     

     

     

     

        .;;0

;;;

;;0;

,0;;0

;;

;2

1114
11
441115

11
43

11
42

11
41

1112
11
34119

11
331111

11
32

1110
11
31

11
24116

11
23

11
22113

11
21

11
14

114
11
131161127

11
12

11411321121
11
11

YhYh

XhXhXh

XhIh

Ih

ShXhShh

XhIhhShh

























 

So, the characteristic equation of 11J  can be 

written by  

           
   4
11

3

211
2

311
1

41111

FF

FFP








 

with 
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      
               

           

                 

                 

                 

               

               

       

          

                

               

                 

         
          
        

           

          


















































211
44

211
33

11
44

11
33

11
33

11
11

11
44

11
11

11
31

11
13

11
43

11
34

211
114

2
13

11
31

11
33

11
21

11
32

11
13

211
44

11
33

211
44

11
11

11
43

11
34

11
44

11
32

11
23

11
33

11
43

11
34

11
44

11
44

211
33

211
33

11
11

11
31

11
23

11
12

11
31

11
13

11
11

11
33

211
11

11
44

11
33

11
11

11
44

211
11

11
21

11
12

11
11321

11
21

11
12

11
44

11
33

11
32

11
23

11
44

11
11

11
44

11
21

11
32

11
13

11
44

11
31

11
23

11
12

11
43

11
34

11
21

11
124

11
21

11
12

11
33

11
32

11
23

11
11

11
31

11
13

11
44

11
21

11
32

11
13

11
31

11
23

11
12

11
44

11
33

11
11

11
32

11
23

11
44

11
21

11
12

11
44

11
43

11
34

11
113

11
43

11
34

11
31

11
13

11
33

11
11

11
32

11
23

11
21

11
12

11
44

11
33

11
44

11
112

11
44

11
33

11
111

2

2


















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and by using the Routh-Hurwitz conditions 

require 4,3,10  iFi , 0321  FFF  

and     04
2

13321  FFFFFF , which reduces 

to conditions (7a)-(7c). So, according to 

Routh-Hurwitz criterion 11E  is locally 

asymptotically stable. 
 

Numerical Simulations 

To study the system (1) numerically let’s 

use the cont. line (ـــ) for x , dash line (- -) for 

y , dot line(::) for z  and dash-dot line(-.-) for 

p  in the all of the following figures. Now, 

consider the following set of parameters 
 

;5.0,6.0,2.0

,07.0,7.0,3.0,5.0

,6.0,03.0,9.0,18.0,6.0
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  ....... (8) 

 

With initial point  75.0,75.0,75.0,75.0 . For 

this set of parameter (8), the solution 

trajectory of system (1) approaches to the 

equilibrium point  
 

 915.6,42.0,119.1,046.111 E  see Fig.(1). 
 

 
Fig.(1) Time series of the solution trajectory 

of system (1) for data given in Eq.(8) which 

show that  11E  is a locally asymptotically 

stable. 
 

If the infection rates constant 21.03 h  

then the solution trajectory of system (1) 

approaches to the equilibrium point 

 741.8,059.1,0,923.210 E  see Fig.(2). 
 

 
Fig.(2) Time series of the solution trajectory 

of system (1) for data given in Eq.(8) with 

21.03 h . 
 

But, when the effect of catch-rate qE  is 

considered then the solution trajectory of 

system (1) approaches to the equilibrium point 

 801.2,993.1,0,07 E  when  

95.0,95.0  Eq  see Fig.(3), and approaches 

to the equilibrium point  

 714.9,0,783.2,686.09 E  when  

1.0,2.0  Eq  see Fig.(4). 
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Fig.(3) Time series of the solution trajectory 

of system (1) for data given in Eq.(8) 

with 95.0,95.0  Eq . 
 

 
Fig.(4) Time series of the solution trajectory 

of system (1) for data given in Eq.(8) with 

1.0,2.0  Eq . 
 

Conclusions and Discussion 

In this paper, we proposed and analyzed the 

combined effect of SIS disease and harvest on 

a Food Chain model. The dynamical 

behaviour of system (1) has been investigated 

locally. In addition to assumed that the top 

predator population is harvested under optimal 

conditions, we used linear functional response 

and incidence rate for the diseases in prey 

species. The model included four non-linear 

autonomous differential equations that 

describe the dynamics of four different 

populations namely susceptible prey  S , 

infected prey  I , intermediate predator  X  

and top predator  Y . The conditions for 

existence and stability for each equilibrium 

points are obtained. Similar, numerically 

explained that the solution trajectory of  

system (1) with parameters given in eq.(8)  

approaches to the equilibrium point 

 428.7,24.0,602.1,891.011 E . The system 

(1) is solved numerically for varying of 

infection rate 3h  keeping other parameters 

fixed as given in Eq.(8), then the solutions 

trajectory of system (1) are drawn in Fig.(2), it 

is clear that, as the infection rate decreases the 

infected individuals started decreases and the 

system (1) return to asymptotically stable at 

the coexistence equilibrium point in the 

Int. 4
 . However, decreasing 3h  further, say 

21.03 h , causes losing the stability and then 

the solutions trajectory approaches to another 

equilibrium point 10E . The same way with 

parameters 95.0;95.0  Eq , but with 

45.0;2.0  Eq  the solutions trajectory 

approaches to another equilibrium point 9E . 
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 الخلاصة
تصففففففالوففففففوذل سلسلففففففيل ذففففففلو ل   فففففف يل و   ففففففيلولل   ففففففيل
ذجتذعفففمعلذففف لس سفففيل  فففتجمثيلإص فففيللضمس فففيل صفففمثيلثذفففس  ل
وففففو ل س ذففففلو ل تيففففذفل س س  ففففيللذ تففففس لذتل ففففصلل سذ تففففس ل

جتذفففف ل سذ تففففس ل لاع ففففثل لاع ففففثلض ففففصل لجففففسلضصففففمسل فففف لذ
  تشسل  لذجتذ ل س س  يلذأإلوةلثع فللSISلذس لذفل لعل

تض  ففففسل لا ففففتجس س يلسجذ ففففف ل س جففففمصل س مثتففففيلس   فففففم ل ل لاعتثففففمس
تفففففأ  سل ففففسلذفففففل سضصفففففمسلل سذففففس لع فففففثللسس  لتفففف لذ ملشففففي

  فففتجس سلوفففو ل س ذفففلو  للتإ فففس لل  فففتإس ذ مل سذضم فففمةل سعسس فففيل
ل.س تضجقلذفل س تم جل ستض    ي


