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Abstract

In this paper we present a computational method for solving delay differential equations of
fractional order by employing the Laplace Adomian decomposition method. This method is
combined from the Laplace transforms and the Adomian decomposition method taking into account
the Caputo derivative as a motivation to describe the fractional derivative. The method is a
modification of the Adomian decomposition method and is tested on two examples in order to
illustrate the pertinent feature of this method the results shows that the proposed method is an
effective and powerful tool for solving delay differential equations of fractional order. A
comparison with the exact solution and with the existing methods such as Adomian decomposition
method and homotopy analysis method is made. [DOI: 10.22401/JUNS.21.1.20]
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1. Introduction

In recent years, the term fractional calculus
has gain more attention as it could be found in
many applications in physics, chemistry and
engineering [1,2]. The fractional calculus may
be defined as a generalizations of the ordinary
calculus but with fractional order.

Fractional differential equations have
several applications in mathematical physics,
fluid flow, engineering and other areas of
applications (see Miller et al., 1993; Podlubny,
1999;Jafari et al., 2007; Daftardar at al., 2007;
Abdulaziz et al., 2008)[3].

The solution of fractional differential
equations is one of the most important targets
that mathematicians have been trying to
achieve, since most of these fractional
problems have no exact solution, many
methods and techniques have been arisen to
find analytical or numerical approaches such
as spectral tau method [4], finite difference
method [5], wavelet operational matrix method
[6], collocation method [7, 8], finite element
methods [9], spline collocation method [10]
and others ([11]-[14]), [15].

Fractional delay differential equations are
a very recent topic and it is a generalization of
the delay differential equations to arbitrary
non-integer order. Most fractional delay
differential equations have no exact solutions
therefore different numerical methods such as
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[16-21] have been developed and applied for
providing approximate solutions.

Fractional delay differential equations have
found many applications in control theory,
[21], agriculture [22], Chaos [23-27], and
bioengineering [ 28, 29] and so on.

In this paper we shall use Laplace-
Adomian decomposition method for solving
non-linear delay differential equations of
fractional order.

Moreover, unlike some other procedures
which consider either discretization or
linearization, the Laplace-Adomian
decomposition method deals with the delay
differential equations immediately and it is
illustrates how the Laplace transform may be
used to approximate the solutions of the delay
differential equations of fractional order by
manipulating the decomposition method.

Suheil A. Khuri [30-31] was the first to
introduced the Laplace Adomian
decomposition method which has been applied
to evaluate analytical solutions for some
fractional order differential problems such as
the Bratu and Duffing equation in [33]. The
Laplace Adomian decomposition method has
shown a great success in terms of obtaining
accurate results for nonlinear equations taking
advantage of the capability of combining the
two powerful techniques.

This paper is organized as follows: in
section two, we recall the definition of



fractional derivatives and fractional
integration, in section three the proposed
method is described, in section four two
illustrative examples are given, finally we
drawn a conclusions.

2.Fractional  Order and
Derivative:

There are several definitions of fractional
integration and derivative such as Riemann-
Liouville and Caputo definitions.
Comparatively, the main advantage of the
Caputo derivative is the capability of
modelling real life phenomena that deal with

fractional orders [1].

Definition (1):

The Riemann-Liouville fractional integral
of order a > 0 is defined as follows:

IFf(t) = ﬁf (t—

Integration

)% L f(t)drt,t > 0,
a € R*

Where I'(a) is the Gamma function.

Definition (2):

The Caputo fractional derivative of order
a > 0 is defined as follows:

oDE (D) =
F(ml—a) fot (t_f:ii?_m dt m—1<a<m
i(_r?nf(t) a=m
for >0, we have the following

properties of the Caputo fractional derivative:
(i) SDE(IEf () = f(©). )
(i) IE(§DEF()) = f(&) = TR FP (0D
(i) gDF(C) =0, CER.

(iv) 6D (t") =
I—'(y+1) y_a cee
F(V—O_’-I-l) t y e {O’1P2P3P };V 2 [a]
0 )4 € {0111213: }; V4 < [a]

Where [a] is the floor function of a.

Definition (3):
The Laplace transform of the Caputo
fractional order derivative is given by

n-1

LI[§DFu(t)] = Saﬁ(u(t)) _ Z s@i—k-1 ul(k)(o)
k=0
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3. Laplace Adomian decomposition method
for solving fractional order delay
differential equations:

Consider the delay differential Equations
of fractional order

§DEy(t) = f(t) + N(y(0), y(8(D)),
n—1<a<n t>0 .. @)
yO) =yP,i=012,..,n—1... ()

Where §DFy(t) is the Caputo fractional
derivative of order o, N is a nonlinear
operator, t is the independent variable, @(t) is
the delay function, y(t) is the unknown
function and y® (0) are given constants.

In order to solve problem (1)-(2) we, apply
the Laplace transformation on the both sides of
equation (1), yields:

L(§DEY(®)) = L[f (&) + Ny(®), y(8(1))]
Applying the linearity of the Laplace
transform gives ]
L(EDEy(6)) = L(F(®)) + LN (D), y(B(1))

According to definition (3) the latter
equation becomes:

SPL(y®) - Xizoy (0 =
F(s) + LNy (), (8(D))

Using equation (2), thus we have

SL(y(t)) = Yrziyosak-1 L F(s) +
LINy@®),y(0@®)

The next step in the Laplace Adomian
decomposition method is to represent the
unknown function y(t) as an infinite series as
given below

V(&) = 2o V() oo, 4)
And the nonlinear operator N is

decomposed as

N@),y(D() = o0 An cevevrerenrerenen (5)
Where for everyn €N, A, are the

Adomian polynomials that can be generated
for all forms of nonlinearity as

= i [N(Z] Oljyj(t) Z} ()A]y](@(t))]
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Substitution equations (4) and (5) into
equation (3), gives
oo k _
S L(EreoYn (D) = TRy Ose TR +
F(s) + £[Xn=0 4n]
Or

L= yn () = S_aZk 0
S_aF( s) + Sa£[2n=0An]

yék)sa k— 1+

Comparing both sides of equ. (7), we have

L(yo(®) ==

s

k Je— 1
-1y gak L+ F(s)

L(yn+1)

= ZE(Ap) o

Applying the invers Laplace transform on
equations (8) and (9) we obtain,
Vo (t), y1(t), ... recursively.

Substitution y,(t), y;(t), ..., into equation
(4), then the solution of problem (1)-(2) is
reached. The obtained series solution may
converge to an exact solution if such solution
exists.

4. llustrative Examples:

In this section, the proposed method is
used to solve the non-linear delay differential
equations of fractional order and the result
obtained will be compared with the existing
methods and with the exact solution.

Example 1:
Consider the delay differential equation of
fractional order a,

SDEy(t) = (t> + 2 t2—« v
eV =Y\3) T TG — o) 9’
0<t<1,0<a<1 oo, (10)
With
Y(0) = 0 oo (12)

The exact solution of problem (10) - (11)
when a=1 is y(t) = t2.

In the following example, the proposed
method given in section three is applied as
follows:

First, we apply the Laplace transform on
both sides of equation (10) to obtain

L(EDEY®) = L0 (S + LG 27 =)

f(3 a)
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According to the definition (3) and by the
linearity of the Laplace transform the above
equation yields:

SL(y(®) - y(0)) =
L(”( )>+L(r(3 )
Using equation (11), gives:

L(y(®) = —L( € )) + =

s« Gz

t2

2

953

Therefore
L) = 5~ g+ 5 L0 ()

Decomposing the solution y(t) as an
infinite sum, we have:

L(Zn= 0¥n(8)) =
53 o 953+a + L(Zn Oyn( ))

Comparing both sides of equ. (12), we have
2

(12)

T O T T R (13)
And
LY (®) = =L <yn (g)) .................... (14)

Applying the invers Laplace transform on
both sides of equations (13) and (14), therefore
the recursive solutions are given below as:

2 2t2ta
t) =t° —
Yo(t) oIG-a)
2t2+(l 2t2+a
yl(t) - 9]_(3—01) - 9_32+ll[(3+2(l)
2t2+2a 2t2+3d
V2 (t) = - 9. 34+3al(3+3a)

9. 32+al(3+2a)

And so on, Hence the solution of problem
(10)-(21) is given by:

y(t) = Y=o ¥n(t)

It is clear that from the results above when
o=1 the proposed solution that we have been
obtained gives us the exact solution which is
y(t) = t2.

Following Table (1) represent the
approximate solution of problem (10-11) using
the proposed method compared with the exact
solution when o=1 and with the Adomian
decomposition method.



Table (1)
Comparison between the approximate solution
of problem (10-11) using the proposed method
and Adomian decomposition method with the
exact solutionwhena = 1

Adomian The Exact

decomposition pr?e?ﬁi?jd solution
method a = 1 =1 a=1

0.01 0.01 0.01
0.04 0.04 0.04
0.09 0.09 0.09

0.16 0.16 0.16
0.25 0.25 0.25
0.36 0.36 0.36
0.49 0.49 0.49
0.64 0.64 0.64
0.81 0.81 0.81

Example 2:
Consider the nonlinear delay differential
equations of fractional order

Dfy(t) =1-2y%(3) ,0<t<1,

0 < AS<T (15)
With
Y(0) =0 oot (16)

The exact solution of problem (15-16),
when =1 is y(t) = sint.

The Laplace transformation is applied on
equation (15) to get

SL(y(®) - Tig y® (0)s4 k1 = 2 - 2202 (3))
Or
S%L(y(®) = Th-o y© (OISt 4+ £ - 2L(%570 An)

By the aid of equation (16) and according
to the Adomians method we decomposing the
solution y(t) as an infinite sum, and writing
the nonlinear terms as Adomians polynomials
yields:

00 1 2 o)

L(Zn:O Yn(t) = a1 S_aL(Zn=O Ap) ... (17)
By comparing the both sides of equation (17),
we get

I (I 0) =T (18)
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and

LOne1) = 22 L(Ap) oo (19)

Applying the invers Laplace transform on
both sides of equations (18) and (19), therefore
the recursive solutions are given below as:

ta
Yo(t) = r(a+1)
_ —2r(a+1)t3¢
y1(t) T 22ar2(g+1)r(3a+1)
Jy (£) = —Brle+Drtarese
2 =

2623 (@+1)r(3a+1)r(5a+1))

And so on. Therefore the solution of
problem (15) - (16) is given by

y(t) = Y=o ¥n(t)

Also it is clear that form the result given in
Table (2) when a=1 the solution of the
proposed method give us the exact solution
whichis y(t) = sint.

Following Table (2) represent a
comparison between the numerical solution of
problem (15)-(16) using the proposed method
and the homotopy analysis method with the
exact solution when a = 1.

Table (2)

Comparison between the approximate
solution of problem (15)-(16) using the
proposed method and homotopy analysis
method with the exact solution when a = 1.

homotopy The
analysis | proposed
method method

Exact
solution
a=1

a=1 a=1

Following Fig.(1) represent the approximate
solution of problem (15-16) using Laplace
Adomian decomposition method up to three
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terms for different values of o with a
comparison with the exact solution when a=1.

0.9 -
0.8 - P
0.7 A
0.6 -
0.5 A
e \/(t) exact
0.4 -
0.3 - y(t) a=0.75
0.2 - y(t) a=0.9
0.1 1 = = y({t)o=1
0 T T T T T T T T T 1
0 01020304050.6070809

Fig.(1): Represent the approximate solution
of example (2) with various values of @ and
comparing with the exact solution.

Conclusions

In this paper we introduced a simple
technique by combining the Laplace transform
method and Adomian decomposition method
for solving delay differential equations of
fractional order.

The main advantage of this method is the
fact that it gives the analytical solution. The
method is applied in a direct way without any
discretization or linearization.

By comparing the numerical solution
using the proposed method with the exact
solution and that of Adomian decomposition
method and homotopy analysis method, we
demonstrate the accuracy and efficiency of the
proposed method, and from the obtained
results it may concluded that the Laplace
Adomian decomposition method is a powerful
method in finding the exact solution and can
be used in finding the analytical solution for a
wide classes of problems in fractional
calculus.
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