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Abstract
Let R be a prime ring with characteristic different from 2, 7 be a nonzero ideal of R. in this
paper, for a,3,0,T as automorphisms of R, we present some results concerning the relationship
between the commutativity of a ring and the existence of specific types of a (o,t)-Biderivation, we
prove: (1) Suppose F:RXR—R is a nonzero(o,t)-Biderivation then R is a commutative ring if F
satisfies one of the following conditions:
(1) F(7, 7) < Cqg(ii) [IMF, 7]q g =0 (iii) F(xw, y) = F(wX, y)forall X, y, w € 7.
(2) Suppose F;: R—R is a nonzero(o, T)-derivation and F,:RxXR—R is a (a, §)-Biderivation with
ImF,=R, If F;F,(J, 7)=0 then F,=0.

Keywords :Prime rings, Automorphisms, (o, t)-Biderivation.

1. Introduction (iii) ifqg € Qr and 7 is a nonzero ideal 7 of R
Throughout this paper R will be represent such that q 7 =0, then q=0.

an associative ring with center Z(R), and (iv) if7 is an ideal of R and h:7 —R is a

a,f,0,7 are automorphisms of R. Recall that a right R-module map, then there exist q €

ring is called prime if for any a,b €R, aRb={0} Qr such that h(u) =qu for all u € 7.

implies that either a=0 or b=0. The (o,7)-
center of R denoted by C,, and defined by Remarks:

C,,={ceR: co(r)=1(r)c, for all rerR }. 1- The center of Qr, which _denote by C, is
As usual [x, y] is denoted the commutator called the extended centroid of R.

xy — yx, and we make use of the commutator 2- Cisafieldand Z <C.

identities [xy, z] = [x, zly + x[y, z], [X, yz]= 3- The sub ring of Qr generated by R and C
[X, y]z + yIx, 2], X,y,ZER. The symbol [X, Y]eg called the central closure of R and denoted
stands for xa(y) — B(y)x, also we will make by Re.

4- The sub ring Qs of Qr where:

Qs={g€ Qr: 79< R for some nonzero ideal 7

o XY, Zlap = XLV, Zagt [% B@TY of R}fis ce;l_leo![ the symmetric Martindale

=xly, a@] +[X, 2]apy 5 :;ngl(;aqqzugcl)er\]/v.ith q1,02€ Qr implies that
— - - ! r

i [X, yZ](x,B_ B(y)[X, Z]a,B + [Xa y]ot,Ba(Z) 02=0 or g»=0.

extensive use of the following identities:

A biadditive mapping F: RxR—R called a

The study of the commutativity of prime
(o,7)-Biderivation if it satisfies the following: Y y o p

rings with derivation initiated by E. C. Posner

i. F(xy, 2)=F(x, 2)a(y)+ t()F(y, 2) [3]. Over the last thre_.\e decgdes, a lot of work
i. F(x, y2)=F(x, y)a(2)+ t(y)F(x, 2) has bgen do_ne on this subject_. Many guthors
have investigated the properties of prime or

It is clear that the concept of a (o,7)- semiprime rings with a (o,7)-derivation.
Biderivation includes the concept of Our objective in the present paper is to
Biderivation [9]. By Qr we will denote the generalize some results in [2], [7] and [8],
Martindale ring of quotient of R. It is known further we introduce other results, for instance:
that this ring introduced by Martindale in [10], Ashraf and Rehman proved in [5] that, if di
can be characterized by the following four and d.are two (o,t)-derivations of R such that
properties. dio= od1, doo = od», dit = 1d1, dot = 7d> and
(i) RcQr d1d2(R)=0, then d1=0 or d>=0. Here we prove,
(if) for every g€ Qr there exist a nonzero if U is a nonzero ideal of R, F; is a (o,7)-
ideal 7 of R such that such that g7 < R. derivation and F, is a (o,7)-Biderivation with
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ImF,=R. If F;F,(U, U)=0 then either F;=0 or
F,=0.

2. Preliminaries

In this section we recall some basic
definition gather together a few results of
general interest that will be needed.

Definition: [6]

Let R be ring. An automorphisma of R is
said to be X-inner if, there exists an invertible
element a € Qs such that o(r)=ara® for all
rer.

Lemma 2.1: [6]

Let M be any set. Suppose that H, G:M —
Qr satisfy H(s) x G(t)= G(s) x H(t), for all
s,t € M and all x in some nonzero 7 ideal of R.
if H#{0}, then there exists A €C such that
G(s)= A H(t).

Lemma 2.2: [1]

Let R be ring. Supposec is an
automorphism of R. if there exist nonzero
elements ai, a; asa€ Qr such that asr
ax=az a(r)as for all r €R, theno is X-inner.

Lemma 2.3: [4]
Let R be a semiprime ring, and let 7 be a
right ideal of R, then Z(7)cZ(R).

Lemma 2.4: [4]

Let R be semiprime ring, 7 a right ideal of
R. If the ideal 7 is a commutative, then
J cZ(R).In addition if R is a prime ring then R
must be commutative.

For prove of our results in this study, we
need to introduce some preliminary lemmas.

Lemma 2.5:

Let R be ring and S be a subring of R. if F:
SxS—R is a (o, 7)-Biderivation, then for any
X,y,Z,u,vE S we have:

Fx ., y) a@lo(u), o(V)] = [t(x), T(V)]=(2)
F(u,v)

Proof:

We compute F(xu, yv) in two different
ways. Since F is a (o, t)-Biderivation in the
first argument, then we have:

F(xu, yv) = F(x, yv) o(u) + 7(x)F(u, yv)

Using the fact that F is a (o, 7)-Biderivation
in the second argument, it follows:
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F(xu, yv) = F(x, y)a(v) a(u) + z(y)F(x,v) o (u)
+7(X)F (U, y) a(v) + 7(x) 7(y)F(u, y)

On the other hand, we have:
F(xu, yv) = F(xu, y) a(v) + t(y)F(xu, v)
=F(x, y)o(u) a(v) + T(x)F(u, y) o(v)
+7(y)D(X, V) a(u) + 7(y) T(X)F(u, y)

Comparing the relations so obtained for
F(xu, yv), we get:

F(xy) [o(u), a(v)] = [t(x), =(y)] F(u ,v), for
all x,y,u,ve S.

Putting zu for u, and using the identity
[sw, t] =[s, jw + s[w,t], we obtain the
assertion of the lemma. J |

O. Glbasi and N. Aydin Showed in
[8 lemma 2] that: Let R be prime ring, 7 be a
nonzero ideal of R and D is a (o,7)-derivation
of R. f D is trivial on 7 then D itself is trivial. n
the next lemma we extend this result to (o, 7)-
Biderivation.

Lemma 2.6:

Let R be prime ring, 7 be a nonzero right
ideal of R. Suppose that F: RxR—R is a
(o, )-Biderivation. If F(7, 7) =0 then F =0.

Proof:

For any u,ve 7, r €R, we have:

0= F(ur, v)=F(u, v) a(r) + 7(u) F(r, v)

That is

7(u) F(r, v) =0, for allu,ve 7, r €R.

Putting us, s €R instead of u in above
relation gives:

t(u) 7(s) F(r, v)=0, for allu,ve 7, r,;s €R.

Hence

u Rt~1(F(r, v) =0, for allu,ve 7, r €R.

Using the primeness of R, since 7 is a
nonzero left ideal of R, we conclude that:

F(r,v) =0, forallve 7, r €R.

Replacing v by vt, t €ER, we get:

T(v) F(r, t)=0, forall ve 7, rt €eR.

This means that:

It~ Y(F(r, t)) =0, for allr teR.

Since R is a prime ring and J is a nonzero
right ideal of R, it follows that F =0. l |
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3. (o, 1)-Biderivation and commutativity of
prime rings
Theorem3.1:

Let R be a non-commutative prime ring and
F:RXR—R be a nonzero (o, t)-Biderivation,
then there exists an invertible element b € Qs
such that o= 1(F(x, y)) = b [x, y].

Proof:
According to lemma (2.6), the mapping F
satisfies that:

F(x y) o@lo), o(v)] = [z(x), T(]=(@)

F(u ,v), for all x,y,z,u,ve R.

That is

o~ (F(xy)) z[u, vV]=0([x,y1)6(@)a~*(F(u v))
for all x,y,z,uve R, where 8=c"1o7 is an
automorphism of R.

Since R is a non-commutative ring and
F#0, we can find a;=c~1(F(x, y))#0, a:=[u,
v]#0, az=[6(x), 8(y)]*0 and
as= o~ 1(F(u,v))#0, then we have:
a1z a2=az 0(z) a4, forallz € R.

Hence by lemma (2.2) we conclude that 6
is X-inner, that is 8(s) = asa™* for some a € Qs.
Therefore:

o {(Fxy)zluvl=a [x,y] za *o~*(F(uv)),
for all x,y, z,u,v €R.

Left multiplication by a~! leads to:
a to 1 (F(x.y)z[uVv]l=[x,y] za~to~1(F(u,v)),
for all x,y, z,u,v € R.

Let M=RXR, note that maps HG: M —
Qrdefined by H(x,y)=[x,y],

G(x,y)=a"lo"1(F(xy)) satisfy all the
requirements of lemma(2.1).So there exist A €
C such that:

G(x, y) =A H(x, y).
That is:
a~lo 1(F(x,y)) = A[x, y], for all x,y€ R.

Equivalently
oY (F(x,y))=b[x,y], for all x,y€ R, and b= Aa.

Note that b0 for F=0, whence b is invertible.

Theorem 3.2:
Let R be a prime ring, J be a nonzero ideal
of R. suppose that F: RXR—R s
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anonzero(o,t)-Biderivation such that F(7, 7)c
Cop- Then R is a commutative ring.

Proof:
According to hypothesis, for any u,v, w € 7
we have:

[F(uw, V), r]Jqpg =0, forallr eR. ........... (1)
Equivalently
Fu, Vo), a(] +[Fu v), r

lago(@)t T(U)[F(w, V), rlggt [z(u), B(r) ]
F(w, v)=0

According to (1) the above relation reduces to:

F(u, v) [o(w), a(n]+ [z(u), B(r) ] F(w, v)=0,

foralluv,w €7, r e R.

Taking 6(w) instead of r in the above
relation where 8=a~10, we get:

[t(u), BO(w) F(w, v)=0, for all u,v, w € 7.

Putting uzinstead of u in (2) and using (2),
we arrive at:

[t(u), BO(w)]7(2) F(w, v)=0, for u,v,w,z€ J.

Using the primeness of R and the fact that
7(7)#{0} is an ideal of R, we conclude:

[T(u), BO(w)]=0, for all ue JorF(w, v)=0.

Consequently, since t(7) is a nonzero ideal
implies that for any w €1 we have:

w € Z(R) orF(w, v)=0

If F(7, 7)=0 then F=0 by lemma (2.6). So
according to the hypothesis it must beF(J,
7) #0.

A consideration of Brauer's trick leads to
J cZ(R),hence R is commutative by lemma
(2.5).

Theorem 3.3:

Let R be a prime ring, 7 be a right ideal of
R. Suppose F:7 x 3 —R is a nonzero (o,7)-
Biderivation such that ImF cZ(R), then R is a
commutative ring.

Proof:

Since ImF cZ(R), and F is a nonzero, there
exists nonzero elements u,ve 7 such that
F(u, v)€Z(R). This means:



[F(u,v), r] =0, foranyr €R......c.cceevvvrrrnee. 1)

Replacing u by un in (1) and using (1), we
arrive at:
F(u, v) [o(n), r] + [t(u), r] F(n, v)=0, for
alluv,ne 7, r eR.

Taking a(n)=F(z, w), z, w € Jimplies that:
[t(u), r] F(c~1F(z, w), v)=0, for all u,v,z, w €
JiTER. e (2)

Putting sr for r in (2) and using (2) leads to:
[t(u), s] r F(c~F(@z w), v)=0, for all
uv,z,w €7, rseR.

That is
[t(u), s] R F(oc'F(z, w), v)=0, for all
uv,z,w €J,s€R.

But R is a prime ring and F is nontrivial, so
we have [z(u), s]=0, forallu e 7,s € R.

Therefore Ris a commutative ring by lemma
(2.5).

Theorem 3.4:

Let R be a prime ring, 7 a nonzero ideal of
R. Suppose F: RXR—R is a nonzero (o,7)-
Biderivation. If there exists an element w € J
satisfying [F(u, v), w]s. =0, for allu,ve Jthen
w €Z(7).

Proof:

If R is commutative, then there is nothing to
prove, SO we can suppose R is non-
commutative.

Let w be an element of 7 with:
[F(u, V), w]s. =0, foralluyve 7.

That is
F(u, v)o(w)- t(w)F(u, v)=0, for all u,v € 7.

Putting uz instead of u leads to:
F(u, vV)a(2)o(w)+t(w)F(z, v) o(w)- t(w)F(u,v)
0(z) - t(w) T(w)F(z, v)=0, forall u,v,z € 7.

In view of (1) the above relation reduces to:
F(u, V[ a(2), o(w)]-[t(w), T(w)]F(z, v)=0,for
AllUV,ZE T (2)

Replacing u by wu in (2) and using (2)
implies that:
D(w, y)o(w)[o(2),0(w)]=0,for allu,v,ze 7.

That is
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o Y(F(w, v))J [z, w]=0,for allu,v,z€ 7.

Since 7 an ideal of R, we conclude that:
o Y(F(w, V) I R [z, ]=0,for allu,v,z€ 7.

Using the primeness of R, either
0 Y(F(w,v)) 7 =0 or [z,w]=0,for allu,v,z€ 7.

If [z,w]=0,for all z € Jthen as a direct
conclusion we have w €Z(7).

On the other hand

If 071(F(w,v)) 7=0, since 7 is a nonzero
ideal of R, again the primeness of R leads to:

o Y(F(w, v))=0, forallv € 7.

By theorem (3.1) there exists an invertible
element be Qs such that:

o Y (F(w,Vv))=b[w,V], forallve3J.

Consequently we get [w, v]=0for all v € 7,
and hence w €Z(J).m

Theorem 3.5:

Let R be a prime ring, 7 a nonzero ideal of
R. Suppose F;: R—R is a (o,t)-derivationand
F,: RXR—R is a («, 8)-Biderivation such that
ImFE,=R. If F;F,(7,9)=0, then F;=0 orF,=0.

Proof:
For any u,v, w € 7 we have:
0=F;F,(Uuw,v)
=F1(Fz(u, V)a(w) + B(U)Fz(w, V))
=F,F,(u, V)oa(w) + TF,(u, V)F;a(w)
+F (U)o F;(w, V) + TB(U)F Fy(w, V)

According to our hypothesis, the above
relation reduces to:

TF,(u, V)F;a(w)+F,B(U)oF,(w, v)=0, for all
UV, @ E J.oiieeiiee e (@)

Replacing u by ru, r €R in (1), we get:
TF,(r,v) ta(U)Fia(w)+ tB(r) tF,u,v)Fa(w)
+F,B(r) of(U)oFy(w.v) + TB(NF1B(U) oF;(w,
v) =0, forall u,v, w € 7and r eR.

In view of (1) the above relation becomes:
TF,(r, V) ta(U)Fa(w)+F,L(r)oBu)oF,(w, V)
=0, forallu,v, w €7, reR. .....c.ccoevvennnn. (2

Putting r=~1F,(z, v),z € 7 in (2)leads to:
tF, (B~ 1F,(z, V), V) ta(u)F a(w)=0, for all
uv,z, w € 7.

Equivalently
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Fy(B~1F,(zv),V) a(?)t  F a(7)={0}, for all
V,ZE 7.

Since a(7) is a nonzero ideal of R, using the
primeness of R we get either F,a(7)={0} and
consequently F;=0 by [8, lemma 2].

Otherwise
Fy(B~1F,(z,v), v)=0O,forallvz€ 7. ............ (3)

The substitution F,(z, v)B(u) for F,(z, v) in (3)
and using (3), we arrive at:

(F,(z,v))?=0, forallv,z € 7.
Again using the primeness of R leads to:
F,(z,v)=0, forall v;z € 7.

By application of lemma (2.6), we have

F,=0. ~

Theorem 3.6:

Let R be a prime ring, a €R. Suppose that
F:RXxR—R is a nonzero (o,7)-Biderivation
satisfies that[ImF, a],p=0,then a€Z(R) or

F(r71B(a), t)=0.

Proof:
Define h: R—Rby h(x)=[x, a]qg for all
X €R then:

h(xy)=h(x) y + x fi(y) = f2(x)y + x h(y) , for all
X,YER.

Where fi(X) = [x, a(a)], f2(X)=[x, B(a)], for
all a €R, therefore we have:

h(F(r,t)) =0,forall riteR. ... (1)

Replacing r by rs in (1), we get:
0= h(F(r, t) a(s) + 7(r)F(s, t))
= hF(r, t)a(s) +F(r, t) fio(s) + f2z(r) F(s, t)
+ 7(rhF(s, t), for all r,s,teR

According to (1) the above relation reduces to:
F(r, t) fio(s)+f2z(r) F(s, t)=0, for all r,s,t €R.

That is
F(r, t) [o(s), a(@)] + [z(r), B(@)]IF(s, 1)=0, for
all r s ter.

The substitution T=13(a) for r leads to:
F(z71B(@), t) [o(s), a(a)]=0, for steR. ...... (2)

Putting scinstead of s in (2) and using (2), we
arrive at:
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F(z71B(@), t)a(s) [o(c), a(a)] =0, for all
c,S,teR.

That is

F(z71B(), t) R[a(c), a(a)] =0, for all c,teR.
Using the primeness of R we get the

assertion of theorem.

Corollary 3.7:
Let R be a prime ring,7 a nonzero ideal of

R. Suppose that F:RxXR—R is a nonzero
(o, 7)- Biderivation such that [ImF , 7], g =0,
thenR is commutative ring.

Proof:

Let [ImF ,7]q,g =0, then for all ue 7, t €R,
we have either u € Z(R)or F(z~1(u), t)=0.

If F(z1B(u), t)=0forall u € 7, t€R, since
U=t~1p(3) is a nonzero ideal then in
particularly we have F(7,7)=0, using lemma
(2.6) it follows that F=0 which contradicts the
hypothesis.

Hence J cZ(R), which forces Jto be
commutative, consequently R is commutative
by lemma (2.4).

Theorem 3.8:

Let R be a 2-torsion free prime ring, J a
nonzero ideal of R. Suppose that F: RxR—R
IS a nonzero (o, t)-Biderivation such that
F(xw, y) = F(wxX, y)for allx,y, w € 7, then R is
commutative ring.

Proof:

For any u € 7 such that F(u, y) =0, for all
y € 7, like u =[x, s] we have:
Flw,y) a(u) =F(wu,y) = Fluw,y) = 7(u)F(w,
y)for all y,w € 7.

That is:
[F(w, ), U], =0,forall y,w € 7.

An application of theorem (2.6) implies that
u€ez().

Hence the conclusion is: for any ueJ
satisfy that F(u, y) =0, for all ye 7 , we get
u €ezZ(J).

According to the above conclusion have:

[x, s]eZ(3), for all x,s€ 7 and consequently
we have:

[t, [, s]] =0, for allx,s,te 7.



The substitution xs for s in the above
relation gives:

[t, [X, xs]] = [t, X] [x, s] = O, for allx,s,te 7.

Putting st for s leads to:

[t, x] s [x, t] =0, for allx,s,te J.
Equivalently

[t, x]7[x, t] = 0O, for allx,te J.
But Jan ideal of R, then:

[t, x] RI[x, t] =0, for allx,te 7.

The primness of R leads us to conclude that
either [t, x] =0 or 7 [x, t] = 0 for allx,te 7.

If J[x, t]=0 for allx,te 7, since 7 is a
nonzero ideal of R, we have:

[x,t] =0, forall x, t € J.

This means that 7 is commutative, and by
application of lemma (2.3), we have 7 = Z(3)
cZ(R).

Finally using lemma (2.4), we conclude that
R is commutative. I
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(1) F(7,9)c Cqp

(ii) [IMF, 7]4,g =0

(i) F(xw, y) = F(wx, y)for all x, y, w € 7.



