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In this work, we present a semi-analytical technique to find an approximate result of the
conformable fractional partial differential equations (CFPDEs). The fractional order
derivative will be in the conformable (CFD) sense. This definition is effective and simple in
the solution of the fractional differential equations that have intricate solution with classical
fractional derivative definition like Riemann-Liouville and Caputo. Furthermore, the result
obtained by the proposed technique is like those in previous studies that used other types of
approximate methods like (Homotopy analysis method) but it has the advantage of being
simpler than the rest of these methods. In addition, results demonstrate obtained the
Precision and effectiveness of the suggested technique.
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1. Introduction

Fractional integration and fractional differentiation has
opened their wings even larger to cover the dynamics of
real world and new ideas are starting to be tested and
implemented on real data [1]. The concept of fractional
derivatives is by no means new. In fact, they are almost as
old as their more familiar integer-order counterparts until
recently; however, fractional derivatives have been
successfully applied to problems in system biology,
physics, chemistry and biochemistry hydrology. Fractional
partial differential equations (FPDES) arise in many areas
of mathematics, engineering, and the physical science,
which make it very important to detect active technique for
solving the partial fractional differential equations. Thus,
the solutions of the fractional equations become strongly
accepted [2, 3, 4, 5]. There are some definitions about
fractional derivative [6, 7], two of them are most usually
applied the definitions of the Caputo and Riemann-
Liouville. The (CFD) one of the new defined fractional
derivative and is defined by R. Khalil [7]. There are many
related studies to the conformable fractional order
derivative. For instance, Abdeljawd [8] set the basic
concepts and developed the definition of the conformable
fractional derivative of this interesting fractional calculus.
Atangana et al. [9] view the properties of conformable
derivative. Chung [11] has discussed the (CFD) and
integral to explore the fractional Newtonian Mechanics.
Kurt et al. [10] using homotopy analysis method to find
approximate solution of the time conformable Burger's
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equations specified. Gokdogan et al. [12] discuss some
conformable differential equations and gave the existence
and uniqueness theorems of solutions. Cenesiz et al. [13]
gets new exact solutions of the conformable Burger’s type
equations. The reader can also see the references [14, 15,
16], which have been also focus on the numerical and
approximate solutions of (CFDESs).

2. Preliminaries

In this part, we prepare the definitions and some
fundamental properties regarding the conformable calculus
[13].

Definition 2.1. Given a function f: [0, ) — R. Then the
conformable fractional derivative of f of order « is
defined by:

1-a)_
(T)(®) = lim,_, M
forallt>0, a € (0,1].

Lemma 2.1. Let ¢ € (0,1] and f, g be "o-differentiable™
atapointt > 0. Then:

1) T,(af +bg) = a(T,f) + b(T,g) for a,b € R.

(2) T,(tP) =ptP~* forallp € R.

(3) T,(1) = 0, for all constant function f(t) = A.

@) Ta(fg) = f(Tog) + g(Tof).

f (Taf)~f (Tag)
(5) T, (;) — 95)729.
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then T.(f(®)) =

differentiable,

© If f() is
tl_“%f(t).

Definition 2.2. A fractional integral starting from a of a
function f:[a,0) - R of order a € (n,n+ 1], n €N is
defined by:
If@) =
where:

I3f () = f(x)

Remark 2.1. If a e (n,n+1], A is a constant and
a+y—n>0,then:

1 ft (t-x)*1

(n-n!’a (x—a)n~

dx,a>0,t>a

ars y _ I(y+a-n) _ y+a
1) Et-a)Y = Teyim) (t—a)r .
I'(a—n)
() I¢Y = Aﬁ(t —a)“.

Remark 2.2. Let a € (n,n+ 1] and f:[a,) = R be
(n+1) times differentiable for t > a; then we have :
P @ E-a)*

IGTH)@) = f() — Xk=o k!

3. The Proposed Method

In this section we will propose a semi-analytic iterative
method for solving the nonlinear (CFPDEs), and to
illustrate this, we need to consider the (CFPDES)

Llu(x, t)] + M[u(x,t)] + H(x,t) =0 D
such that:

u(x,0) = b(x) 2
where

L[u(x’ t)] = tT(x[u(x’ t)]
T, represent the conformable derivative of the
function u with respect to t.
M is a non-linear operator.
H is a nonhomogeneous term.
The following steps illustrate the proposed algorithm
briefly.

Step 1. We assume that uy(x,t) is the initial guess
solution of problem (1)-(2) which can be obtained by
solving the following initial value problem (IVP)

Llug(x, t)] + H(x,t) = 0, ug(x,0) = b(x)
Step 2. To find the next iteration, we need to resolve the
following linear problem:

Lluy (x, )] + M[ug(x, )] + H(x, t) =0

u; (x,0) = b(x)
Step 3. For finding the rest solutions u, (x, t), us(x, t),...;
we need to solve the following linear problems

L[uk+1(xl t)] + M[uk(x' t)] + H(x, t) =0

Up41(x, 0) = b(x)
forallk=1,2, ....

It is remarkable that each function uy(x,t), u,(x,t),
u,(x,t), ... can be considered as a solution to the problem

1)-().
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4, Error Analysis
In this part, we will discuss the error analysis of the
proposed technique and for this purpose we present the
consecutive errors:
Er =l up — up—1 llp2

= MAX(x,t)efo,1]x[0,1] Uk (X, £) — w1 (x, ) e
which are the difference between two consecutive iterate
solutions.

—-Axt

5. Numerical Applications

In this part, we will provide illustrative examples in order
to give an explanation of the effectiveness and
applicability of the suggested method.

Example 5.1. Consider the following fractional damped
Burger equation:

T + Uty + Uy + %u =0 3)
subject to the initial condition:
u(x,0) = % 4

when a = 1, the exact solution of problem (3)-(4) is given
by [15]:

u(x,t) = ad

5(2e5°-1)

Step 1. To find u,(x, t), the following (IVP) problem must
be solved:

tTa[to] =0 (5)
subject to:

Uuy(x,0) = %
Integrating both sides of equation (5), yields:

ug(x, t) = %
Step 2. u;(x,t), can be gained by solving the following
linear (IVP)

1
tTa(Uy) + ug(uo)x + (Uo)xx + SUo =0 (6)
subject to:
ul (xl O) = %
Hence:
_x 2xT(a)t®
ui(x,t) = 5  25T(a+1)

Step 3. u,(x,t) can be obtained by solving the following
linear problem:

1
tTa(Uz) + Uy (u)x + (U)xx + U = 0 )
subject to:
X
u2 (x! 0) = ?
Therefore :
_ x _ 2xT(a)”® 6xI (T a)t?®
up (%, 6) = 5  25T(a+1) = 125T(a+1)l(2a+1)
4x(1“(a))21“(3a)t3“
625(I'(a+1))’T(3a+1)

Figures 1, 2 and 3 represent a comparison among the
solutions of problem (3)-(4) that have been obtained by the
suggested method with the exact solution and the existing
methods when a=1, = 0.9 and 0.8, respectively.
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Figure 1. Results of problem (3)-(4), when a = 1.
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Figure 2. Results of problem (3)-(4), when a = 0.9.
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Figure 3. Results of problem (3)-(4), when a = 0.8.

Following Tables 1, 2 and 3 represent the consecutive
errors of the solution of problem (3)-(4) whena =1, 0.9

and 0.8, respectively.

Table 1. The consecutive errors of the solutions of

problem (3)-(4), when a = 1.

k Ey

1 0.0294304

2 8.0442971x 1073
3 4.2994255% 1073
4 3.3412054% 1073

Table 2. The consecutive errors of the solutions of

problem (3)-(4), when a = 0.9.

k E,
1 0.0327004

2 9.8235754x 1073
3 5.4409116x 1073
4 4.2953688x 103

Table 3. The consecutive errors of the solutions of

problem (3)-(4) when a = 0.8.

k E;

1 0.0367879

2 0.0122626

3 7.0809037x 1073
4 5.6286944% 1073
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Example 5.2. Consider the following FPDE:

_tTau - uxuxx — Uy + _uuxxx =0 (8)
subject to the initial-condition:
1
u(x,0) = % e” )

when a = 1, the exact solution of problem (8)-(9) is given
by [15]”
u(x’ t) = %e%(x+%t)
Step 1. To find u,y(x, t), the following (IVVP) problem must
be solved
tTalto] =0 (10)
subject to:
1
uo(x,0) =i er*
Integrating both sides of equation (10), yields:
1
ug(x, t) = i er”
Step 2. u,(x,t), can be obtained by solving the following
linear (IVP)
tTaul - (uo)x(uo)xx - (uo)xx + U (uo)xxx =0 (11)
such that:
1
u;(x,0) =i er*
Hence:

_1 K1 Lir®
u (%, = g & o e [(a+1)
Step 3. To find u, we must be solve the linear problem:
tTeUy — (ul)x(ul)xx = (Up)xx T U (U =0 (12)
such that:

1 lx
u,(x,0) = S et
Therefore:

1 1 «
(1) = Sed¥ 4 L ow IO0)

64 I'(a+1)
1 %x I'(a).F(2a).(t2%)
1024 I(a+1).Ir2a+1)

Figures 4, 5 and 6 represent a comparison among the
solutions of problem (8)-(9) that have been gained by the
suggested method with the exact solution and the existing
methods when a=1, a=0.9 and 0.8, respectively.
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Figure 4. Results of problem (8)-(9), when a = 1.
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Figure 5. Results of problem (8)-(9), when a = 0.9.
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Figure 6. Results of problem (8)-(9), when a = 0.8.

Following Tables 4, 5 and 6 represent the consecutive
errors of the solution of problem (8)-(9) when ¢ =1, 0.9
and 0.8, respectively.

Table 4. The consecutive errors of the solutions of
problem (8)-(9), when ¢ = 1.

k E,

7.38072738% 1073

2.3064773%x 10~*

4.80516106% 10~¢

AW

7.50806415% 1078

Table 5. The consecutive errors of the solutions of
problem (8)-(9), when a = 0.9.

k Ey

1 8.200808207x 1073
2 2.8475028% 10~*

3 6.59144178% 107
4 1.14434753x 1078

Table 6. The consecutive errors of the solutions of
problem (8)-(9), when « = 0.8.

k E,

9.225909233x 1073

3.6038708% 10~*

9.38508019% 107¢

AW

1.83302348x 1077

6. Conclusions

In this study, the conformable semi-analytic approach has
been investigated. The proposed approach was applied in
order to find the approximate solutions of a class of
nonlinear FPDEs with conformable fractional order
derivative. From the results of the illustrative examples,
we have been approved that this approach is effective and
accurate for solving such kind of problems.

References

[1] Sun, H. G.; Zhang, Y.; Baleanu, D.; Chen, W. and
Chen Y. Q.; "A new collection of real world
applications of fractional calculus in science and
engineering"; Commun Nonlinear Sci Numer Simulat,
64, 213-231, 2008.

[2] Diethelm, K. and Ford J.; "Numerical solution of the
bagley-torvik equation”; BIT Numer. Math., 42(3),
490-507, 2002.

[3] Zhuang; P; Liu, F. and Anh, V.; "New solution and
analytical techniques of the implicit numerical method
for the anomalous subdiffusion equation™; SIAM J.
Numer. Anal., 46(2), 1079-1095, 2008.

[4] Liu, F.; Yang, C. and Burrage, K.; "Numerical method
and analytical technique of the modified anomalous
subdiffusion equation with a nonlinear source term";
Comput Appl. Math., 231(1), 160-176, 2009.

[5] Jiang, Y. and Ma, J.; "High-order finite element
methods for time-fractional partial differential
equations"; Comput Appl. Math., 235(11), 3285-3290,
2011.

[6] Podlubny, I.; "“Fractional differential equations";
Academic Press, New York, 1999.

[7] Khalil, R.; Al Horani, M. and Yousef, A.; "A new
definition of fractional derivative"; Comput Appl.
Math., 264, 65-70, 2014.

[8] Abdeljawad, T.; "On conformable fractional calculus";
Comput. Appl. Math., 279, 57-66, 2015.

[9] Atangana, A.; Baleanu, D. and Alsaedi, A.; "New
properties of conformable derivative"; Open Math.,
13(1), 889-898, 2015.

[10] Kurt, A.; Enesiz, Y. and Tasbozan, O.; "On the
solution of Burgers’ equation with the new fractional
derivative"; Open Phys., 13(1), 355-360, 2015.

[11] Chung, W. S.; "Fractional newton mechanics with
conformable fractional derivative"; Comput Appl.
Math., 290, 150-158, 2015.

[12] Gokdogan, A.; Unal, E. and Celik, E.; "Existence and
uniqueness  theorems  for  sequential linear
conformable fractional differential equations";
Miskolc Math. Notes, 267-279, 2016.

[13] Cenesiz, Y.; Baleanu, D. and Kurt, A.; "New exact
solutions of Burgers’ type equations with
conformable derivative"; Waves Random Complex
Media, 27(1), 103-116, 2017.

[14] Unal, E. and Gokdogan, A.; "Solution of conformable
fractional ordinary differential equations via



Al-Nahrain Journal of Science
ANJS, Vol.24 (1), March, 2021, pp. 39-44

differential transform method"; Light Electron, 12,
264-273, 2017.

[15] Acan, O.; Firat, O. and Keskin, Y.; "Conformable
variational iteration method, conformable fractional
reduced differential  transform  method and
conformable homotopy analysis method for non-
linear fractional partial differential equations™; Waves
in Random and Complex Media, 2018.

[16] Malik, A. M. and Mohammed, O. H.; "Two efficient
methods for solving fractional Lane Emden equations
with conformable fractional derivative"; Egyptian
Mathematical Society, 28(42), 2020.

44



