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1. Introduction 

Fractional calculus is a very strong tool and it is 
considered as one of the best ways to express the 
physical models and engineering processes. The part 
fractional calculus takes in many different fields such 
as mechanics, chemistry, economics is very significant 
and important [1-3]. Integro-differential equations play 
a fundamental role in the studies of linear and 
nonlinear functional analysis. There are several 
definitions for the fractional derivatives but recently, 
the authors in [4] gave a new uncomplicated definition 
based on the usual derivative definition which is called 
conformable fractional derivative. Fractional partial 
integro-differential equations (FPIDEs) occur naturally 
in many different fields of science, engineering and 
social sciences. Applications of FPIDEs can be found in 
many fields such as [5-12]. This paper is concerned 
with obtaining approximate solutions of the following 
CFPIDE: 
 

  
  (   )   (   )    

    
    (   )      (1) 

subject to 
 (   )   ( )                                            (2) 

 
where   and   are the independent variables,  (   ) is 
a known function,     ([   ]  [   ]) is an unknown 

function to be evaluated,   
  is the conformable 

fractional derivative and   
 ,   

  are the conformable 

fractional integral of order   (
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)  with 

respect to   and  , respectively. The paper is organized 
as follows: in section 2, some of the basic concepts of 
the conformable fractional order derivative are 
presented. In section 3, we introduce the shifted 
Legendre polynomials. While in section 4, existence of a 
unique solution for problem (1)-(2) is proved. The 
proposed method for solving problem (1)-(2) is 
introduced in section 5. In section 6, the accuracy of the 
proposed technique is checked by solving some 
numerical examples. Finally, a conclusion has been 
given. 
 

2. Preliminaries: 
This section presents the definition of the Conformable 
fractional derivative and some of its properties that has 
been used in this article. 
 
Definition (1), [4]: The conformable fractional order 
derivative of order   of a function   [   )    is given 
by: 

   
 ( )( )        

 (       )  ( )

 
  

for all       (   )  If   is  -differentiable in some 
(   )       and         

( )( ) exists, then define  

  ( )( )          
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Definition (2), [4]:  

  
 ( )( )    

 (     )  ∫
 ( )

    

 

 

    

and the integral here is the usual Riemann integral, and 
  (   )     . 

Properties, [4]: 

1.   
  (  )                    

2. If, in addition,   is differentiable, then    
 ( )( )  

     
  

  
( ). 

3.   
 (     )      

 ( )      
 ( )            

4.   
 ( )     for any constant function  ( )     

5.   
 (  )   (   

 ( ))    (  
 ( ))  

6.   
 (

 

 
)  

    
 ( )     

 ( )

  
,      . 

Theorem (1), [4]: Let   (   )   ,    (   ) if   is a 
differentiable function. Then for all     we have 

   
   

 ( )( )   ( )   ( )  

Theorem (2), [13]:   
   
 ( )( )   ( )  for      where 

  is any continuous function in the domain of   
 . 

 

3. Shifted Legendre Polynomials (SLP)  

The Legendre polynomial of degree  , denoted by    ( ), 

defined on the interval [    ], can be generated as 
follows [14]: 

     ( )  
(    )

(   )
   ( )  

 

   
    ( )                 .                                             

On the other hand, the SLPs, denoted by     
 ( ) defined 

on [   ], can be introduced if we assume   
  

 
  , 

then the polynomials are constructed using the 
following formula, 

      
 ( )  

(    )

(   )
(
  

 
  )    

 ( )  

 

   
      
 ( )                                                       (3)                

    
 ( )    and     

 ( )  
  

 
        

The orthogonality relation can be introduced as 

∫     
 ( )    

 ( )    {   
 
 

    
            

                    

 

 
                (4) 

A function  ( )    (   ) , can be decomposed 
regarding the SLPs as: 

 ( )    ∑       
  ( ) 

                                  (5) 

where the coefficients    can take the form 

   
(    )

 
∫  ( )    

  ( )   
 

 
                         (6) 

If we truncate the summation in equation (5) after   
terms, then  ( ) will be approximated by   ( ) as: 

  ( )  ∑       
 ( )  

                                         (7) 

Remark (1): A function  (   ) of two independent 
variables defined for (   )  [   ]  [   ] can be 
expanded in terms of the SLPs as: 
    (   )  ∑ ∑        

 ( )    
 ( ) 

   
 
   ,                   (8)    

where     are given by  

    

(    )(    ) ∫ ∫  (   )    
 ( )    

 ( )    
 

 

 

 
 ,                                                             

                     (9) 

                         

4. Existence and Uniqueness: 
In this section, the existence and uniqueness of 
problem (1)-(2) will be introduced. The proof of the 
main result is based on the concept of Banach fixed 
point theorem. 

Definition (3), [15]: Let (  ‖ ‖ ) be a Banach space 
and let      . Then   is said to be  -contraction if 
there exist a constant   (   ) such that 

 ‖     ‖   ‖   ‖                                (10) 

for all         

Theorem (3), [15]: Let (  ‖ ‖ ) be a Banach space and 
let       be a  -contraction. Then      has a 
unique solution, that is,   has only one fixed point     .  

Definition (4): Let ‖ ‖       
  where 

‖ ‖       (   ) [   ] [   ]| (   )| 
                       (11) 

for some suitable    . 

Lemma (1): The function     is a solution of 
problem (1)-(2) if and only if  (   ) satisfies 

 (   )   ( )    
 
 
  (   )    

 
 
   
 
 
   
 
 
  (   ) 

                                                                                               (12) 

Proof: Apply   
 
 
  on both sides of equation (1), yields  

  
 
 
   

  (   )    
 
 
  (   )    

 
 
   
 
 
   
 
 
  (   )  

     According to equation (2) and theorem (1), we have  
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  (   )   ( )    
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  (   ). 

     And hence the result is obtained. 

 

Theorem (4): Let   (  ‖ ‖   )  (  ‖ ‖   ) be defined 

as 
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)                               (13) 

then   has a unique solution. 

Proof:      Let        , we have 
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So, by equation (13)   is a  -contraction with 

   (
      (   )     

(    )(    )(     )
)     

Therefore, by Banach fixed point theorem there exist a 
unique fixed point which represent the solution. 

5. The Approach: 

In this section, we will apply a modified semi analytic 
iterative method for solving problem (1)-(2). To start 
the approach let us present the following steps: 

Step 1: Suppose that   (   ) is an initial guess to 
problem (1)-(2) and it satisfy the following equation 

   
    (   )   (   ), 

subject to 

    (   )   ( ). 

Therefore, 

   (   )   ( )    
  (   )  

The initial guess   (   ) can be decomposed by using 
SLPs as: 

            
 (   )  ∑ ∑         

 ( )     
  ( )  

   
 
    

where       and 

    (    )(    )∫ ∫   (   )    
 ( )    

 ( )    
 

 

 

 

  

         ,           . 

Step 2: To find    (   ) in the next iteration, the -
following initial value problem need to be solved: 

  
    (   )   (   )    

    
      

 (   )  

subject to 

   (   )   ( ). 

Hence 
  (   )   ( )    

   (   )    
    

    
   
 (   )   

Similarly,   (   ) also can be decomposed using SLPs as: 

 

         
 (   )  ∑ ∑         

 ( )     
 ( ) 

   
 
   , 

where 

    (    )(    ) ∫ ∫   (   )    
 ( )    

 ( )    
 

 

 

 
   

         ,             

Step 3: For finding   (   )   (   )      an iterative 
procedure can be constructed as: 
       

      (   )   (   )    
    

   
 (   ),   

Subject to         (   )   ( )                

i.e.        (   )   ( )    
  (   )    

   
   
   
 (   )   

Where      
 (   )  ∑ ∑         

 ( )     
 ( ) 

   
 
   , 

and   

    (    )(    ) ∫ ∫   (   )    
 ( )    

 ( )    
 

 

 

 
  

           ,                      

Note that each   (   ),          , are considered to 
be the solutions of problem (1)-(2).  

6. Illustrative Examples: 

To demonstrate the efficiency and accuracy of the 
proposed method some illustrative examples are given 
in this section. 

Example (1): Consider the following linear CFPIDE. 

  
     (   )   (   )    

      
     (   )                        (14) 

subject to 

  (   )                                                                 (15) 

  (   )      
  

         
  

           
  

   
  

   

        
  

   
  

    

 
The exact solution of problem (14)-(15) is  (   )  
  

 
(    )  

Table 1 represent the absolute error of problem (14)-
(15) for    and   . Following figure 1 and figure 2 
which shows a comparison between the solution 
resulted from the proposed method and the exact 
solution of problem (14)-(15) and the absolute error 
for      , respectively. 
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Table 1. The absolute errors of the solutions for 
problem (14)-(15). 

    (   )   (   ) 
0 0 0 

0.1 7.117e-11 1.833e-15 
0.2 1.082e-9 9.468e-15 
0.3 4.827e-9 1.794e-13 
0.4 1.461e-8 1.214e-12 
0.5 3.622e-8 5.535e-12 
0.6 7.811e-8 1.975e-11 
0.7 1.497e-7 5.92e-11 
0.8 2.564e-7 1.557e-10 
0.9 3.912e-7 3.693e-10 
1 5.2e-7 8.065e-10 

 

 
Figure 1. The compression between the proposed 

method and the exact solution of problem (14)-(15). 
 

 
 

 
Figure 2. The absolute error between the approximate 
solution and the exact solution of problem (14)-(15). 
 
Example (2): Consider the following linear CFPIDEs. 
 
  
     (   )   (   )    

      
     (   )                       (16) 

subject to the initial condition 
  (   )                                                              (17) 

 (   )    
  
           

  
   

  
          

  
   

   
    

The exact solution of problem (12)-(13) is  (   )  
       
 
Table 2 represent the absolute error of problem (16)-
(17) for    and   . Following figure 3 and figure 4 
which shows a comparison between the solution 
resulted from the proposed method and the exact 
solution of problem (16)-(17) and the absolute error 
for      , respectively. 
 
 
 
 
 
 
 
 



 

Al-Nahrain Journal of Science  
ANJS, Vol.23 (2), June, 2020, pp. 44 – 51  

 

49 
 

Table 2. The absolute errors of the solutions for 
problem (16)-(17). 

    (   )   (   ) 
0 0 0 

0.1 5.073e-7 2.478e-9 
0.2 9.511e-7 8.222e-9 
0.3 1.832e-6 1.803e-8 
0.4 4.58e-6 3.476e-8 
0.5 1.127e-5 6.391e-8 
0.6 2.518e-5 1.154e-7 
0.7 5.183e-5 2.059e-7 
0.8 1.006e-4 3.62e-7 
0.9 1.866e-4 6.234e-7 
1 3.332e-4 1.048e-6 

 
Example (3): Consider the following linear CFPIDEs. 
 
  
     (   )   (   )    

      
     (   )                      (18) 

subject to the initial condition 
  (   )                                                              (19) 
 (   )  

    
 

     
  

      
  

                     
  

   
  

   

          
  

   
  

                     
  

   
  

   

         
  

   
  

   . 
The exact solution of problem (18)-(19) is  (   )  
               
 
Table 3 represent the absolute error of problem (18)-
(19) for    and   . Following figure 5 and figure 6 
which shows a comparison between the solution 
resulted from the proposed method and the exact 
solution of problem (18)-(19) and the absolute error 
for      , respectively. 
 

Table 3. The absolute errors of the solutions for 
problem (18)-(19). 

    (   )   (   ) 
0 0 0 

0.1 4.653e-11 3.592e-15 
0.2 6.114e-11 9.243e-15 
0.3 1.28e-10 1.798e-14 
0.4 5.017e-10 4.4e-14 
0.5 1.703e-9 1.227e-13 
0.6 5.003e-9 3.433e-13 
0.7 1.324e-8 9.301e-13 
0.8 3.365e-8 2.466e-12 
0.9 8.73e-8 0.403e-12 
1 2.336e-7 1.661e-11 

 

 
Figure 3. The compression between the proposed 

method and the exact solution of problem (16)-(17). 
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Figure 4. The absolute error between the approximate 

solution and the exact solution of problem (16)-(17). 
 

 
Figure 5. The compression between the proposed 

method and the exact solution of problem (18)-(19). 
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Figure 6. The absolute error between the approximate 
solution and the exact solution of problem (18)-(19). 

 
7. Conclusions 

In this paper we proposed a modified semi-analytic 
iterative method so that one may find the solution of 
class of CFPIDEs. And as demonstrated in the examples, 
it is very effective and efficient in solving problem (1)-
(2). The suggested method is simple to apply and to 
simplify the calculations involved, the use of the shifted 
Legendre polynomials came in handy even without the 
use of a large number of polynomials. 
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