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Herstein proved that any Jordan homomorphism onto a prime ring of characteristic of
R different from 2 and 3 is either a homomorphism or an anti-homomorphism. In this paper
the concept of Generalized Jordan triple (o, T)-Higher Homomorphisms (GJT(o, t)-HH)
where g and 7 are two commuting homomorphisms are introduced as follows:

A family of additive mappings F = (f; );eny Of R into R’ is said to be a Generalized
Triple (o, 7)-Higher Homomorphism (GT(o, t)-HH) if there exist a triple (a,7)-higher
homomorphism (T (g, ) — HH) 6 = ( ¢; )jen Such that for eachn € N and for all a,b € R,

fulaba) = T, £ (0°(@)) ¢ (01771 (0)) ¢: (@) )
and @ is said to be the relating triple (o, 7)-HH.

We will primarily extend the result of Herstein on it. It should be proved that every
GJT (o, )-HH of ring R into prime ring R' is either GT(a, 7)-HH or triple (o, 7) higher anti-
homomorphism (T(g, 7)-HAH).
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1. Introduction

Jordan homomorphisms of associative rings and algebras
play a significant role in various mathematical areas, in
particular of ring theory. Throughout this paper R will
denote an associative ring with center Z(R). A ring R is
said to be a ring with an involution if there exists a
mapping *:R — R such that for every a,b €R,a™ =
a,(a+b)*=b"+a"and (ab)" = b*a". Riis called prime
if aRb = (0) impliesa =0o0rb =0 witha,b €R, and it
is called semiprime if aRa = (0) with a € R implies
a = 0. Aring R is said to be 2-torsion free, if 2a = 0, with
a € R, impliesa = 0.

An additive mapping 6 of a ring R into a 2-torsion free
ring R is said to be a homomorphism (respectively anti-
homomorphism) if 6(ab) = 6(a)6(b) (respectively
6(ab) = 0(b)6(a)), therefore 6 is said to be a Jordan
homomorphism if 6(ab + ba) = 0(a) 8(b) + 8(b)(a)
and is called a JTH if 8(aba) = 6(a)0(b)0(a) for all
a,b €R (See [1,2,34]). It is clear that every
homomorphism  (anti-homomorphism) is a Jordan
homomorphism and every Jordan homomorphism is a JTH
but the converse in general is not true (see example 2, in
[4]).

In the recent paper [2] Herstein had proved, Jordan
homomorphism onto a prime ring of characteristic of
R different from 2 and 3 is either a homomorphism or an
anti-homomorphism. In [4] Jacobson & Rickart, proved
that any Jordan homomorphism of an arbitrary ring into an
integral domain is either a homomorphism or an anti-
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homomorphism. In [1] Bresar studied a JTH of a ring R
onto 2 torsion free semiprime ring R", he had proved that
every JTH of a ring onto a prime ring of characteristic not
2 is either a homomorphism or an anti-hnomomorphism.

Generalized homomorphisms have been primarily
defined by Majeed & Shaheen [5] as follows: An additive
mapping F of a ring R into ring R' is said to be a
generalized homomorphism (resp. GJH) if there exists a
homomorphism (Jordan homomorphism) 6, such that:

F(ab) = F(a)0(b)(F(ab + ba)

=F(a)08(b) + F(b)0(a)),foralla,b € R
where 6 is called the relating homomorphism (resp. Jordan
homomorphism), they have proved that every GJH onto
the prime ring of characteristic not 2 is either a
homomorphism or an anti-homomorphism.

In [6] Faraj had introduced the concept generalized
Higher Homomorphism (GHH) as follows; A family of
additive mappings F = ( f; );ey Of R into R’ is called a
GHH (respectively GJHH) if there exists aHH 6 =
(¢idiev . such that f(ab) = I, fi(a) ¢;(b)
(respectively  f,(ab + ba) = XL, fi(a) ¢i(b) + fi(b)
¢i(a), for alln € N,a,b € R, where 6 is said to be the
relating HH (respectively JHH. If R' is 2-torsion-free, then
the definition of GJHH is equivalent to the following;
fa(a®) =3, fi(a) pi(a), he had extended the result of
Herstien and proved that every GJHH on to prime ring of
characteristic not 2 is either a homomorphism or an anti-
homomorphism.
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Following [7] Salih & Jarallah, they have introduced
the concept of GJ(o,7)-HH of R into R as follows: A
family of additive mappings F = (f; );ey Of R into R" and
o, T are two homomorphisms of R such that ot = 70, is
said to be a GJ(o, T)-HH if there exist a Jordan (o, t)-HH
0 = (¢; )ien from R into R, such that for each n € N and
foralla,b €R,

falab + ba) = Y1, fi(a' (@) ¢; (z"(b)) +

Ly filo ()¢ (7'(@))
where 6 is said to be the relating Jordan (o, 7)-HH.

In the research [8] the authors have presented the
concept of GTHH (resp. GJTHH) as follows: A family of
additive mappings F = (f; );en Of R into R’ is said to be a
GTHH (respectively GJHH) if there exist a family of
additive mappings 6 = (¢; )iey Of R into R', such that
fulabe) = Xz, fi(a) ¢i(b)i(c) (respectively f,(aba) =

. fi(a) p;(b)p;(a), for each n € N and for all a,b €
R. They have given some results about them.

The purpose of this paper is to extend the above
concepts to GT (o, 7)-HH and GJT (o, 7)-HAH. We will
study the relation between these definitions and prove
some results about it, depending on the results in [9].

2. Preliminaries
First, we will give some definitions and Lemmas.

Definition 2.1 [9]. A family of additive mappings
0 = (¢ )ien Of R into R’ is said to be a triple (o, 7)-HH if
foreachn € N and forall a,b € R, we have:

$ulabe) = Ty ¢i(0(@)) pi(0'T () 1 (7))
and @ is said to be a Jordan triple (o,7)-HH if for each
n € Nand forall a,b € R, we have:

$uaba) = X, ¢i(0' @) ¢y 1" (D)) ¢ (1'(a))

Lemma 2.2 [9, Lemma 3.1]. If 8 = (¢ )ien IS JT (0, 7)-
HH of R into R’, then for each n € N and for all a, b, ¢, €
R

’ An(cn (a,b, c))d)n (a"(r))Bn (T”(a, b, c)) +
B, (G” (a,b, c))d)n (a”(r))An(‘r”(a, b, c)) =0
Where:
An(a,b,¢) = p(abe) = Ty ¢ (o'(@))
¢ (o)) i (r1(©)
Ba(a,b,¢) = ¢y (abe) - Tty ¢ (0'(0))
¢ (o7 )) i (71(@)
Note that if A,,(a,b,c) = 0,then ¢ isa T (o,7)-HH and if
B,(a,b,c) =0,then p isaT (o, 7)-HAH.

Lemma 2.3 [9, Proposition 3.5]. Let 8 = (¢; )ien be a
Jordan triple higher (o, 7)-homomorphism from prime ring
R into prime ring R', then & is higher (o,1)-
homomorphism.
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Lemma 2.4 [9, Theorem 3.4]. Every JT (o, 7)-HH of ring
R into prime ring R’ is either triple (a,7)-HH or triple
(o, 1)-HAH.

Lemma 2.5 [1]. Let R be a 2-torsion free semiprime ring.
If x,y € R such that xry + yrx = 0, then xry = yrx = 0,
forall r € R.

Definition 2.6 [7]. A family of additive mappings
F = (f; )ien Of R into R" is said to be a GJT (o, 7)-HH if
there exist a Jordan triple (g, 7)-HH 6 = (¢; )ien Such that
foreachn € N and forall a,b € R, we have:

falaba) = B, £ (@) ¢: (017" (0) ) ¢ (7' (@)
and 8 is called the relating Jordan triple (o, 7)-HH.

Lemma 2.7. Let F = (f; )ieny be a GJT (o,7)-HH of R
into2-torsion free ring R’ associated with JT (o,7)-HH
0 = (¢; )ien- Then for each n € N and for all a, b, c € R,

falabc + cba) =Y, f; (ai(a)) o; (air"_i(b))
¢: (7)) + £ (0'(©)
¢: (0T ®)) ¢i (@)

Proof. The same proof of Lemma 2.6 in[7]. W

Now, we will introduce the definition of GT (o, 7)-HH
as follows.

Definition 2.8. A family of additive mappings F =
(fi Dien Of R into R' is said to be a GT (o, 7)-HH if there
exist a triple (o,7)-HH 8 = (¢; )jen, Such that for each
n € Nand forall a,b € R, we have:

fulabe) = 2L, £ (0'(@) ¢: (a7 (0) ) i (7(@) )
and @ is said to be the relating triple (o, 7)-HH.

It is clear that every Generalized
Homomorphism is a Generalized Jordan
Higher Homomaorphism, but the converse need not be true
in general. Following example shows

It is clear that every GT (o, 7)-HH is a GJT (o, 7)-HH,
but the converse is not true in general. In [8], the authors
presented an example of a ring that is JHH but not HH, we
will extend it to GT (o, 7)- HH as follows:

Higher

Example 2.9. Suppose that S is a ring with non-trivial
involution *, R = S®S®S, a € S such that a € Z(S) and
s;as; = 0,for all s;,s; €R,for alliandj. Let F =
(fi )ien be a family of mappings of R into itself defined by
foreachneN and (s, t,s) € R:

{(—(2 —n)aci(s), (n — Vit i(t"), —(2 — n)aai(s))
fal(s,t,5)) = forn=1,2,

0 n=3.
In[9], there is a JT (o,7)- HH 8 = (¢; )iey IS defined by:
((2 —n)adi(s),(n — Dait™i(t"), (2 - n)aai(s)),
¢n(5'th):{ forn=1,2
n=3.

0
Therefore, it is clear that F is a GJT (o, 7)-HH but not a
GT (o, 7)- HH.
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Remark 2.10. Let F = (f; );ey be @ GT (o, 7)-HH from R ii. 6,(a,b+c,d)=20,(ab,d)+6,(acd),
into R and 8 = (¢; )iy be a related T (o,7)-HH. Then iii. 6,(a,b,c+d) =38,(a,b,c) + 6,(a,b,d).
for eachn € N and for all @, b € R, we will write Proof. i.
8u(a,b,c) = fu(abe) — Xy fi (0'(a)) Sa+b,c,d) = fy((a+b)ed) = B2y f; (o' (a +
¢ (o)) b (r1(©) b)) b (0'1"7(0)) ¢: (')
V(@ b, ) = fu(abe) = X, f; (o'(e)) = falacd + bed) = = ,
b (o.i.[n—i(b)) &, (Ti(a)) Yi=1fi (0.(a)) (oh (U.T .(C)) (oh (T'(d)) -
S fi (08)) g1 (a7 (0)) 8 (1)

For the purpose of this paper, we can list elementary
properties about above
1. 6,(a,b,c)+8,(c,b,a) =0.

Since f;, is an additive mapping for each n, then:
Spla+b,c,d) = fp(acd) —

2. ;/n(a, b,c)+ 7/n(c, b,a) = 0. iz fi (Ui(a)) o; (Uifn_i(c)) ¢, (Ti(d)) +
Note that if &, (a, b, ¢) = 0, then F is a GT (o, 7)-HH and fa(bed) —

if 7 (a,b,c) = 0, then F is a GT (0,7)- HAH. Sy £ (o) ¢ (01777 (0)) i (18(a) )
Lemma 2.11. If F = (f; )en is @ GT (o,7)-HH from a =&(a,c,d) + 8, (bc,d)

ring R into a ring R and 6 = (¢1 )iEN be a related JT By the same way we can prove li and iii. |

(0,7)-HH, then forall a,b € Randn € N
i. 8,(a+b,c,d)=25,(acd)+b6,(bcad),

3. Main Results

Lemma 3.1. If F = (f; )ien IS @ GJT (o, 7)-HH of R into R' and 6 = (¢; )jey b€ a related JT (o, 7)-HH, then for eachn € N
and forall a,b,c,r € R,

5n(o"(a b, c))d)n(a”(r))Bn(‘r”(a b,c)) + ;/n(o"(abc))q)n(cr”(r))An(‘r"(a, b, c)) =0
Proof. Assume that F is a GJT (o, t)-HH and take a, b, c,r € R.

By induction on n € N. If n = 1; define w = abcrcba + cbarabc, then we get the require result.
We can assume that

Sn(0™(@, b, ), (™ ())Bn(7™(a,b,0)) + 7, (6™ (a,b,0))s, (™) An(7"(a,b,c)) = 0
istrue forall a,b,c,r € R,n € Nand m < n.
Now, we have:

fr(w) = fy(a(bcreb)a + c(barab)c)
=3 £ (0'@) ¢ (o't bereb)) ¢ (T1(@) + Tiy £i (0(0)) ¢i (' (barab)) ¢ (74(0))
= 514 £ (@) (B0, (ot b4, (/1o (er) by (Doten (1) ) e (¢ (@) +
SI fi(0'6) (Zhs 6, (o T )0, (0T (ar)) ¢ (oie () ) e ()
=Y. fi (ai(a)) (Z§-=1¢j (Jjairn'i(b)) ( :;:1 o (c¥al "ot (c))d, (akrj'kajrn'jairn'i(r))
b (tFo T Io ') ) ¢y (Do 1)) 1 (7(@) + B £ (010 (Ziea b, (0T )
(Z{;ﬂ ¢k(akafrn‘jai‘r”‘i(a)) ¢, (a"rj"‘aj‘r"‘jairn‘i(r)) o (Tkaj‘["_jcrirn_i(a)))
b (Fo' T ®)) ¢ (1)
= T fi(a' @)0, (0 T (b)) (00T ()) i (0! 0 T (1)) i(at e N (o' (B)) i (E(@)) +
T i@l (@) 4,0 T B¢ (a'o T (@) ¢i (010 T () i(a it a)) g (o (b)) ¢ (7))
=3 (Zhe £ (04 (@) 6, (o' (0))0, (17(0))) 0,(a o T () (Bic (5(F /T ()); (T (1))
% (rf(a)))) + 30, (Zio £ (079)) 9, (7o i (0))p, (x"(@))) ¢, (70 (1))
(e @ @Dy () ¢ (F©)) o)
On the other hand, f,,(w) = f,((abc)r(cha) + (cha)r(abc)). Thus by Lemma 2.7, we get:
fow) = By £ (07(ab)) ¢y (o)) i (ti(cba)) + fi (07 (cba)) oy (o 74(1)) ) o (7' (abe) )
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= 5 £ (0'(@b0)) ¢ (017 ) (824 (8 (477@) ) ¢ (7212 (9)) ¢y (7 (@) + 9 (77 (0))
#; (o701 ) ¢ (P12 @) ~i (v1(@b0)) ) + Ty (Zies (£ (V0 @) 8, (072776 1)) 8, (# ') +
(/5'©)) ¢ (w# Ja(b)) (r’o-(a)) fi(o‘(abc)))) ¢: (a1 ) i (7' (abo) )
—zplfl(a (b)) ¢, (0771 (1) Bhes 0, (77 (@)) 0, (67T () 0, (¢/7(0)) + Tty f; (' (abe))
0 (07" ) Zie19; (777 () 0, (ofrf(b))¢ (Vr'@) - 2y £ (o' abe) ) o, (a2 (r) ) ¢y (7i(abe) ) +
SIS £y (901 @) 0, (072776 ) 0, (76 @) g (o174 1 (¢ (b)) + B 55 £y (96 (0))
0, (o276 1))0, (76 @) b (o' () 0 (¢ (@be)) - B2y £ (7 (@be)) by (174D 6 (viCabe)
=~ 3 £i (0'(@b0)) ¢, (o171 ) (6 (7i(ab0)) = Eioa 0, (/7' @) 8, (TP B ) 8, (7)) ) -
St fi (0 (abo)) ¢, ( i) (1 (' (@b0)) - Zica 0, (cﬂr ©) 4, (P ®) ¢, (V7' @) ) - +
S it /(001 @) 4, (674776 1)) 0, (716/@ ) 1 (07771()) (' (b)) +
S S £ (#10'©) 8, (0746 ®)) 0, (76 @) 1 (0727 ) b (v (b))
= -3, fi (o'(abo)) o, (017" 1(1) A (2 (a,b,0)) - B, ﬁ(o (abe)) ¢; (o™ (r)) B; (r'(abe)) +
S S fi (0" @) 4, (/46 ) 0, (76 @) b (0271 ) e (¢ (b)) +
SI Zies £ (951) 8, (/470 ), (76 @) ¢ (01771 1 (¢ (b)) )
From equations (1) and (2), we get:
0=-31, fi(c'ab)) ¢, (c'e" (") 4; (v'(a, b)) = ZiL, £; (0 (abe) ) ¢y (o'1"() ) B; (v'(abe) ) +
L (S (@) 0, (776 ) 6, (#6/©@)) 1 (07771 (1 (' (abO)) = iy 65 (T ()
b ()9, (7 (@)) + 2 (811 £ (15'©) 4, (/476 5) 0, (76’ @) b1 (027 0) (e (v (b)) -
50PN ¢ (FB) ¢ (7))
0=-31, £ (¢'ab)) ¢, (c'e" (") 4; (v, b,©)) — ZiL, £; (0 (abe) ) ¢y (o'1"~() ) B; (v'(abe) ) +
L (S (90 @) 8y (7T ) 4, (£6©@)) 8 (o7 B (¢ (@ b,0)) +
Ly (2 £ (10@) 8, (7476 1)) 0, (76 @) 1 (0771)) 4 (a5, )
0=-Y", (ﬁ (a (abc)) Yioifi (a’a‘(a))(l) <cr]zl fa(b))(l) <r’a(c))) ¢, (ai‘[”_i(r)) B; (Ti(a,b,c))—
L (fi (o' @b0) ~Ziif (I01©), (/75 ®) 0, (76 @) ¢, (o7 ) 4: (¢ (@ b))
0=-3m,6 (c'(ab,0) ¢ (c'c"7() B (t(a, b, ©)) = Ty vi (0 (a,b,0)) ¢: (o' 4(1)) 4; (t'(a, b, ©))

Hence, we have:
yn(o"(a, b, c))d)n(a“(r))An(‘r"(a b, C)) + 6n(a"(a, b, c))d)n(a"(r))Bn(‘r"(a, b, c)) =0. 1

Corollary 3.2. Let F = (f; )ijey be a GJT (o,7)-HH of R (o,t) -HH then for each neN and for all

into R' and 6 = (¢; );ey be a related JT (o, 7)-HH, then a,b,c,r,x,y,Z€R

foreachn € Nand forall a,b,c,7r € R 5n(o'"(a, b, c))q)n(o'n(r))Bn(‘[n(x, v, z)) =0
Su(0™(a,b,0))d, (6™ ()B,(t"(a,b,0)) = Proof. Replace a + x by a in Corollary 3.2, we get:
)/n(o”(a, b, c))(l)n(an(r))An(r"(a, b, c)) =0 5n(a”(a +x,b, c))(l)n(o”(r))Bn(z”(a +x,b, c)) =0

Proof. By Lemma 2.5 and Lemma 3.1, we get the result. ® Hence:

5n(a"(a, b, c)) <|)n( c:)""(r))Bn(zJl (a, b, c)) +

Theorem 3.3. Let F = (f; )ien be @ GJT (o, 7)-HH of ring 5.((@ b,)) b (), b, ) +

R into prime ring R' and 6 = (¢; );ey be a related JT
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5n(o“(x, b, C))q)n(o”(r))Bn(z“ (a,b, c)) +
5u(a"(x%,b,0)) o, (6" ())B,(7*(x,b,¢)) = 0
By Corollary 3.2, we obtain:
5n(a”(a, b, c)) ¢n(a"(r))Bn(z“(x, b, C))
+ 8, (0" (x,b,0))9, (6™(1))Ba (7" (a,b,0)) = 0
Therefore, we get:
0= 5,1(0”(a, b, c))q)n(o"(r))Bn(f"(x, b, c))
d)n(o”(r))é'n(o“(a, b, c))¢n(d1(r))Bn(r”(x,b,c)) =
=6, (6"(a,0,0))9,(0" (1)) Ba( 7 (x,7, ), (0" (1)
5n(on(x, b, c))d)n(a”(r))Bn(z”(a, b, C))
Since R’ is prime, we obtain:
5n(o" (a,b, c)) ¢n(a"(r)) Bn(z'” (x, b, c)) =0 (3)
Replacing b+y for b in equation (3), we get:
5n(o"(a,b +y, c)) ¢n(o”(r))Bn(t"(x,b +y, c)) =0
Hence:
O (o"(a, b, c)) ¢n(o"(r))Bn(z”(x, b, c)) +
5n(o"(a, b, c)) ¢n(o”(r))Bn(z”(x,y, c)) +
o, (o"(a,y, c)) ¢n(o”(r))Bn(z”(x,b,c)) +
5, (0"(@,y,0)) ¢,,(0"(")Bn(*(x,y,¢)) = 0
We can use equation (3), we get:
3, (6™(a,b,c)) cbn(o—"(r))Bn(z“(x,y, o)+
(0" (a,y,0)) ¢n(a"(r))Bn(r"(x, b,c)) =0
Therefore, we get:
0 =2, (" (ab, c))d)n(a"(r))Bn(r”(x, y,0))
¢n(o”(r))5n(a"(a, b, c))d)n(o”(r))Bn(r"(x,y, )=
—5,(0™(a,b,0))9, (" ())B, (7 (x,y,0))d, (" (r))
5n(c"(a, Y, C))d)n(a"(r))Bn(r"(x, b, c))
Since R’ is prime, we obtain:
On (o”(a, b, c))d)n(o”(r))Bn(z”(x, Y, c)) =0 4)
Replacing c+z for ¢ in equation (4), we get:
5n(o"(a, b,c+ Z))d)n(o"(r))Bn(f"(x, y,c+ z)) =0
Hence:
5n(c"(a, b, c))d)n(o"(r))Bn(z”(x, v, c)) +
5n(c"(a, b, c))d)n(o"(r))Bn(z”(x, 2 z)) +
5n(c"(a, b,z))d)n(a"(r))Bn(z”(x,y, c)) +
5n(c"(a, b,z))d)n(a"(r))Bn(z”(x,y, Z)) =0
We can use equation (4), we get:
5n(c"(a, b, c))d)n(o"(r))Bn(z”(x, 2 z)) +

5n(c"(a, b,z))d)n(a"(r))Bn(z”(x,y, c)) =0
Therefore, we get:

0= 5n(o”(a, b, c))d)n(a"(r))Bn(r"(x,y, z))
¢, (0*(1)5,(c"(a,b,0))d, ("))
By (7' (x,,2))
= —5,(0"(a,b,))p, (") B, (" (x,y,2))
¢n(o"(r))5n(o"(a, b, z))d)n(o"(r))

B,(7*(x,y,0))
Since R’ is prime, we obtain:

5n(o"(a, b, c))¢n(o"(r))Bn(z"(x,y,z)) =0 u
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Now, we will prove the principal theorem of this
section which is an extension of result in [8].

Theorem 3.4. Let F = (f; );ey be @ GJT (o,7)-HH of a
ring R into prime ring R" and 8 = (¢; );jen be a related JT
(o,7)-HH, then F is GT (o, 7)-HH or triple (o, 7)-HAH.
Proof. Since F is a GJT (o, t)-HH. Then by Theorem 3.3,
we have:

(o (a,b, c))d)n(o”(r))Bn(z”(x, y,2)) =0
Since R’ is prime, therefore either &,(o"(a,b,c)) =0
or B,((x,y,2))=0, for each neN and for all
ab,c,x,y,zZ€R.
If B,(7"(x,y,2)) = 0, then by Lemma 2.2, we obtain F is
triple (o, t)- higher anti-homomorphism.
But if 5,(c"(a,b,c)) =0, then by Remark 2.10, we
obtain F is GT (o,7)-HH. &

Theorem 3.5. Let F = (f; );ey be @ GJT (o,7)-HH of R
into a 2-torsion-free prime ring R' and 8 = (¢; )iey be a
related JT (o,7)-HH. Then F G (o,7)-HH or G(o,1)-
HAH.
Proof. Since F = (f; )ien 1S @ GJT (o,7)-HH of R into R’
there exist 8 = (¢; )jen be a related JT (o, 7)-HH. Then by
Lemma 2.4, we have ¢ is a Triple (o,7) -HH or
Triple(o, T)-HAH. Therefore we obtain two cases
Case I: If 8 = ¢, where @ is triple (o, T)-HH. Then for all
a,b,c € R, we have:

nlabe) = Ty ¢ (0°(@)) i (01771 (0)) i (74(0))
Since:

An(a,b,c) = pn(abc) — Ty ¢y (0'(@)
¢ (o) i (7))

this means A, (a, b, c) = 0. By Lemma 3.1, we get:
5n(0"(a b, c))¢n(an(r))Bn(T”(a b, c)) =0

Since R is prime ring, then either 5,(c"(a b,c)) =0 or

B,(z"(ab,c)) = 0.

If B,(z"(a b,c)) = 0, then we get ¢ is triple (o, 7)-HAH,

and this will be a contradiction with assumption. Therefore

Su(c(ab,c)) = 0,forall a,b,c € R, that is:

fulabe) = B, £ (04 (@) ¢: (o7 () ) ¢ (7))
We proceed by induction onneN. fn=1, let W =
fi(abxab). Since ¢ JT (o,7)-HH. Then by Lemma 1.3,
we have ¢ is a (o, t)-HH. Hence:

W = f,(abxab)

= fi(o(ab))$,(a(x))¢p, ((ab))

= fi(o(ab))$1(a(x))p1(z(a))P1(z (D)) 5)
On the other hand,

W = fi(a(bxa)b)

= f1(a(a))¢:1 (o (bxa))p,(t(b))

= f1(a(a)) 91 (0 (bx)) 91 (7(a))$1(z(b))

=h (G(a))¢1(G(b))¢1(6(x))¢1(f(a))¢1(T(b()G))
Comparing (5) and (6), we get the result.
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We can assume that f,, is true for all a,b,c,r € R,n €
N and m < n. Let:
W = f,(abxab)

=31 £i (0'ab)) ¢ (0'1"71)) (7 (ab) )
=3, f; (o'(ab)) ¢ (o111 ()
i1 ¢ (/@) 5 (P ®))
= fu(0"(@0))pn(0™(0)) Ty ¢; (o7 (@) . +
¢; (/) T ﬁ(a (ab))

¢ (7)) s 85 (7 @) ¢, (F(B)) (@)
On the other hand:
W = f,(a(bxa)b)

=311 fi (@) ¢ (o' i (bxa) ) ¢ (71 (1))
Lo fi(04@) (Bher o (/D)
A CRCNFACIO)
=31 £ (0'@) i (o (1)
¢: (o777 (xa)) ¢ (71 (1))
=311 £ (0% (@) ¢ (o' b)
(Zici s () ¢; (/7 @) ¢: (7))
L 1f,(af(a))¢l( ‘b)) i (o' ()
(2, 10 (@) ¢ (/7 D))
i (07(@) ¢ (a](b)) ¢; (a/1" ()

(z,lqu(a @) ¢, (7 ®))) -
S e £ (01 @) 6 (o1 (0)) ¢ (017" ()
(S8 (/@) ¢ (/7)) ®)

By comparing (7) and (8), we get:
(£ (o' @) - s (@) 8 (V)
8)(07 @) (2o #(' @) ¢y (TT 7)) ) +
(f(o"@) - 5315 (@) & (7))
b (o7 0) (51219 (7 @) ¢ (o727 )
By the assumption of m < n, reduces the last equation to:
(o™ @) = s £ (7 @) 8 (7))
BT @) (s 87 @) 8y (7 B))) = 0
This implies that, for all a,b,x € R,n € N.
(flo"@) - 5115 (/@) & (7)) ) R = 0
Since R’ is prime, then we get:
fulo™(@n) =iy £ (/@) ¢ (7 1))

this means F is G(a, 7)-HH.
Case Il: If @ is triple (o, T)-HAH, hence:
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$n(abe) = B, ¢; (01(0)) ¢ (o' ()

¢: (r'(@)

By the same way of proof case I, we get:

Sn(o"(a b, c)) =0or Bn(‘["(a b, c)) =0
If B,(z"(a b,c)) = 0, then we get ¢ is triple (o, 7)-HAH,
and this will be a contradiction with assumption. Therefore
5n(o"(a b, c)) = 0,foralla, b, c € R, that is:

fulabe) = 31, £, (' (@) ¢: (o' 2E(1) ) ¢ (7() )
Since:

B,(a,b,c) = ¢p,(abc) — X7, d; (a (c))

¢: (o7 ()) ¢i (@)

this means B,,(a, b,c) = 0. By Lemma 2.1, we get:

¥a(0™(a,b,0))d, (6™ ())An(t"(ab,c)) =0
Since R is prime ring, then either y,(o"(a,b,c)) =
0 or An(‘r"(a b, c)) =0 If An(‘[”(a b, c)) = 0, then we
get ¢ is triple (o, 7)-HH, and this will be a contradiction
with assumption. Therefore  y,(o™(ab,c)) =
0,forall a, b, c € R, that is:

falabe) = T £ (01(0)) i (o2 41)) ¢ (@)

As in the proof case I, we get:
(f(o"@) = £1-a 1y (V) ¢ (7 @)

8 (o7 0) (Sia 8 (1)) 8 (/7 (@) ) =
This(,)implies that, foralla,b,x € R,n € N.

(fulo™ @) = Zics f; (7 ) ) (/@) ) R = 0
Since R’ is prime, then we get:

fu(a™(@b)) = X4, f; (aj(b)) ®; (aj(a)), this means F
is G(o,7)-HAH. &
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