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1. Introduction
In applied sciences, many practical problems
concerning heat flow, species interaction

microbiology neural networks, and many more are
linked with delay differential equations. Burton
[1,2,3] was among the first who study the stability
of delay differential equation using the fixed point
theory, instead of Liapunov method. Many
researchers studied the stability for many types of
delay differential equations, for example, in 2010,
Meng Fan [6] studied the stability of the delay
differential equation

x(t) = —a(t, x) x(@)+f(t, x)

using fixed point theory, where x.(6) = x(t + 0)
and 0 € [-r,0],r = 0, that is with constant delay
Bo Zhang [7] in 2005 studied fixed points and
stability in differential equations with variable
delays

x(t) = —b(®Ox(t — (1))
and its generalization

N
x(t) = —Z b(t) x(t —7;(t))
=1
where b,b; € C(R*,R) and 7,7; € C(R*,R*) with
t—1(t) » o and
t—1j(t) >wast > .
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Ramazan Yazgan [8] in 2017 studied the global
asymptotic stability of solutions to neutral
equations of first order
x(t) = —a(®) x(6) +b(t)g(x(®)) + c(O)f (x(t — 1, (V)
+q (t,x(t),x(t -1, (t)))

Where  a,b,c € C([0,%),R),g,f € C(R,R),q € C([0,),R X
R,R), 1; € C([0,),(0,00)) with t—7; > as t—> o,
(i=1,2).

In this paper we study the stability of the following
retarded delay differential equation

N
y(®) = = ) B, yy(®) + £, %)
i=1

where b;(t,y,) and f(t,y;) € C(R* X B,R).

Let B={y;:[-r,001> R , y;1is continuous on
([-r,0,R)} with  the supremum  norm.
lyell = supeer—r oy (O}

2. Preliminaries
In this section, we give some basic concepts and
retarded previous or elementary results to this
work.
Theorem 2.1: [4]
If T: X-> X is a contraction and X is
Banach space, then there is a unique point
x* € X which is fixed by T (That is T(x) x).
Moreover, if x.is any point in X, Then the
sequence defined by x; =T(x),x, =T(xy), ...
converge to x*.

(1.1)
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y(@) =y(t,t-,G) ; y, = G, defined on [t.,+0]. Now,

Corollary 2.2: [4] we show that the zero solution of (1.1) is attractive,
If S is a closed subset of the Banach l.e.,
space X, and T:S —» Sis a contraction, then T lim,,,,y(t,t-, %) =0, for all ¥ € Bs, :={y € B; ||y| <
has a unique fixed point in S. 8.}
Theorem 2. 3: (Leibniz's integral rule) [5] For any given W € Bs, , let u(t) = u(t,t-,¥) be the
Assume that f(x,t) be a function such that unique solution of (1.1) through (¢, ¥).
both f(x,t) and its partial derivative f,(x,t) (Consider the initial value problem:
are continuous int and x in some region of N
the (x,t) -plane, including a(x) <t <b(x), x < y(t) = —Z bi(t,y)y(t) + f(t,ye) ; Ve
x <x;. Also suppose that the functions a(x) =
land b(x) are both continuous and both have =Yy (3.1
continuous derivatives for x. < x < x;. Then, for Using existence and uniqueness theorem, then (3.1)
X < x < xq, has a unique solution and using Leibniz's integral
b(x) rule, one can show that this solution has the form:
f fx,t)dt .
ai) d y(&) = W (0)e” B bile s
t
= f(x,b(x)) Cfi_xb(x) N f o~ L3 b wdh e 3 ds
— f(x , a(x)) d—a(x) to
b o) X LetQ:{yEC([t°_r'+oo)'R):yt°=ql'}
d vl <D ,t >t,lim; 0, y(t) =0
+ f af(x DL then Q is a closed subset of a Banach space
a(x) Define the mapping T : Q - Q by

- . . . Yt —to), te—r<t<t
3. Stability by using Banach fixed point:

R . . .- —ft YN bi(s us)ds
In this section, we will study the stability of the Y(0)e ‘==

retarded delay differential equation (1.1). T,@) = ¢ -
Theorem 3.1. : l+ f el Zmbihudh £ g yyds,  t>t.
Assume that: ;
1. There exists continuous function We show that T maps Q into Q.
c1(t),c,(t) € C(R,R) such that It is clear that for any y € Q, T, is continuous,
c1(t) < bi(t,y(t — (1) < (1) T,() =¥(t—-t) for teft.—r,t] , and
2. Suppose that f(t,0) =0 and there exists a
positive constant D and a continuous function |T (t)| = |w(0)e ft N1 bj(s ug)ds
I,(t) e C(R,R") such that
lf (¢, @) —f(&, V) <L) -] t

Forall®,¥ e B, :={y € B: ||y|]| < D}.

—J 2N bj(h up)dn
3. If there exists a constant a € (0, 1) such that + fe ’ f(s,ys)ds
t to

¢ t
- (wa
fe Jserlu UL (s)ds < a L, t=>0 < |q,(0)|e—f£,cl(s)ds N fe_fsfcl(h)dhll(s)lyslds
0
. t .
4. 1m0 [ €1(5)ds = +oo. < 8oky + alys| t
Then the zero  solution of (1.1) is < 6k, + oD
asymptotically stable. <D , t>to
Proof: Thus, T, (t) € By, for t > te.

For any t.>0, there is a constant &. = 0 such

Now, we show that T,,(t) » 0 as t - +oo.
that 6. < D and 6-k; + aD < D , where

t
. £ cy(sas By condition (4) , we have lim, e “ea®ds _
by = Supear. {e } So the first term on the right-hand side of T, (t)
for any G € B, it follows from (2) that there is a tends to zero. Next, we will show that the second
unique solution of (1.1) term on the right side of T, (t) tends to zero too.

The fact y € Q implies that |y(t)| < D, for all t > t.
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and for any given ¢ > 0, there exist t; > t. such that
ly(®)| < e, for all t >t;. It follows from (4) that
there exists t, > t; such that;

c1(s)ds < i )
aD
hence for t > t, , we have
t

t
e ferer t>t,

[ ettty sy s

to
t1+r

taN
Sf ek Zim P A £ (5 y yds|

to
t

t1+r
t1+7r

t
< f e~ 5 a®iny ()] |ds

to
t

t
+ [ e lamn )y lds

t1+r
t1+r

Se_fftﬁrcl(h)dhf e_fst1+rcl(h)dhl1(s)|ys|d5

to
t

t
4 f e~ a®any () |ds

t1+r
t1+r

< De—fttﬁ_rq(h)dh f e_f:1+rcl(h)dhll(s)ds

to
t

+ & fe'fstcl(h)dhll(s)ds

t1+r
t
< aDe Ju+rai®dh 4 op
<&+ ac
=1+ a)e.

So lim;_, ;. Ty, (t) = 0 and hence T, (t) € Q.
Now, we are at the position to show that T,(t) is

a contraction mapping.
For anyy,z €Q
¢

1,0 - LO| < [ e Fa® 55,5 - (5, 2)lds

to
t

< [eriamay @y, - 7las
to
Saly,—zl
By previous corollary, T has wunique fixed point
in Q, which is the unique solution of (3. 1) and
tends to zero as t tends to infinity.

The unique solution of (3.1) is u(t), therefore
limg, o u(t,to,¥) =0 , forall ¥ € Bs,.

To obtain the asymptotic stability, we have
to show that the zero solution of (1.1)
is stable. For any given € > 0, there is § > 0 such
that

5 < (1-a)e

k1

, then we have

t

_t t

W] < [P()le 2 OE 1 [ e, (5)ju,lds
to
< kP + alul
<k |¥| + allul], t=>t

Where |[u]| = supise.—r|lu(t)] , then |¥| < § implies
that

ok
lul s ——<¢ ,t=t
1—«a

Hence, we conclude that the =zero solution of
(1.1) is asymptotically stable.

Next will try to answer the following question, if

(1), (2) and (3) are satisfied and the solution is

asymptotically stable is (4) satisfies?

Theorem 3. 2:

Suppose that (1) , (2) and (3) are hold for (1.1) and

also the following condition is satisfied

5. lim;, e fot ¢, (s)ds > —oo,

If the =zero solution of (1.1) is asymptotically
stable, then we have

6. lime, o fot c,(s)ds = +oo.

Proof:

We will prove this theorem by contradiction
argument. Assume that (6) fails. Then (5) implies
lim;_, ;. inf fot c;(s)ds > —o, and there exists a
sequence {t,}, t, > +o© as n — +o such that

tn

lim | c,(s)ds=d
n-+oo
0
For some de€R. We can choose a positive
constant q such that

tn

—qucz(s)dsSq , n=1,2,..

0
since (6) fails, so (4) fails too. By (5), for the
sequence {t,} defined above, there exists a positive

constant p satisfying
n

-p =< J’ cg(s)ds<p
0
this yields

tn

J- el e1du] (5)ds < gelo" AW < op

0
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So the sequence {fot” eftfcl(”)"l”l1 (s)ds} is  bounded,

hence there exists a convergent subsequence. For
brevity in notation, we still assume the sequence

S
{fot" efocl(”)d“ll(s)ds} is convergent, then there

exists a positive integer k so large that

t N d 1-a
ftk" eloar@duy (gygs < 7ot foralln =k
Now, we consider the solution y(t) =

y(t,t,, V) with ¥(s — t) = 6.
for s € [ty_,,tx], and |y(t)| < D, for all t > t;, , then
t

- Jf ex()ds —[fei(myan
@1 < se” B8 [ e Re®iny, (o)) 1as
tk
< 8oky + alyyl
Thus, we have
lyl <22 forallt 2,
On the other hand, for n large enough, we also have
— el bjGs ugd
Y(ty) = y(ty)e e =227 IR

n

L R LT ATE

tk
So
— tn
ly(t,)] = d-e Jeft ca(s)ds
tn
_ f e~ KTt g oy g
¢
tn y
> g.e” o 29
tn
t N .
- [ ety ias
t
tn . d
> &e_ffk cz(s)ds
tn
t N .
_ f e—fsnzjﬂbl(h'uh)dhl1(s)|3/s|ds
123
tk
t:
> oo Je 2985 _ f R CICLONIAPA
123
> .o du 2
tn
B 160k1 o e e (man f eoc1®ar] () s
—a
7%
But
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t
o ft: cy(s)ds

And

0
_ eftncz(s)ds . ef;k cy(s)ds

t t
— e—foncz(s)ds i efokcz(s)ds

> e
e~ lo"eras <k ,so0
> s.p-20 6ok 4 1-«a
ly(tn)] 2 8-e™50 — — 12k2e7
= 1503_2(1
2

This implies

lim,_, 40 y(t) # 0.
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