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1. Introduction

The hypothesis of, vector lattices (Riesz spaces) was
founded, separately, by F. Riesz, H. Freudenthal and L. V.
Kantorovitch in the Years around (1935), and it is
stimulating to perceive. So several authors have developed
the subject in [1]. In 1967, the basic concepts in the study
of Riesz spaces are the convergence in [2].

So in (1951), Fast [3] and Steinhaus [4], introduced the
idea of (Statistical Convergence for Sequences), as a result
the statistical convergence has several applications
indifferent fields of mathematics some of these fields,
including topology [5,6] and fuzzy analysis [7, 8, 9, 10].
So separately from some basic, and main properties of this
notion was studied by, buck [11], Salat [12], Shoenberg
[13].The concept of "fuzzy norm" was presented by
Katsaras [14]. In reading (Fuzzy Topological Vector
Spaces). Consequently [15,16] discussed  several
topological properties of fuzzy normed linear space. In
(1992), employ the connotation of fuzzy norm., Felbin
[17], Put progression the fuzzy no.rm on a line.ar space,
which is based on their formation provided of a fuzzy
metric introduced into [18, 19].In (1995), Beg and Islam
introduced the conception fuzzy ordered linear spaces in
[20], also in 1994 they are deliberate notion of fuzzy Riesz
spaces (vector lattices) [21]. Then many other authors have
developed the subject. One of these Labuschagne,
Pinchuck in [22].

Following the statistical convergence for sequence was
further information in variously spaces. One of these
spaces that is fuzzy Riesz space thus we introduce fuzzy
statistical (O)-Convergence in, fuzzy Riesz Space. In this
framework, established basic definitions and procure
several basic results. Also explained that a fuzzy ordered
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line.ar space not necessity be a (fuzzy Riesz space) in two
examples.

2. Preliminaries
In this section, we recall some of the basic concepts related

to the notions of fuzzy statistical (O)-Convergence (Fso-
Convergence) in fuzzy vector lattices which we will use
throughout the paper, and present examples on fuzzy Riesz
spaces.

Let X be a universal set and, A be a subset of X.

Definition 2.1 [20]. A fuzzy order, A is a fuzzy subset of
XxX such that the conditions are satisfied.

i. ForeveryxeX, ',;z(x .x ) =1 (reflexivity).

ii. Forall,x,y € X u(x,y )+ u(y.x)>1 implies x = y

(antisymmetry).
iii. Foreachx,y,z€ X

pi(x.z)z V [p(x.y) MO.2)]

where -y x v —5[0.1] is the membership function
of the fuzzy subset of XxX.

A set with a fuzzy order defined on is called a Fuzzy
Ordered Set "foset, for short".

Proposition 2.2 [24]. A subset A of a fuzzy ordered set X.
I sup., ifitexists is unique,

ii. inf4, ifitexistsisunique.
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Proposition 2.3 [24]. In any foset X. The following
identities hold:
i. X AX =X, XvX=X, (idempotent),

ii. xAY=vAx, Xvy=yvx (commutative),

iii. x A(x vy)=xv(x Ay)=X (absorption),

V. ;(x.y)> L ifandonlyifx Ay =x ifand only if,
X vy =y (consistency).

Definition 2.4 [20]. A (real) linear space X is said to be a

fuzzy ordered linear space if X is a foset and further X
satisfies the following conditions.

i. If x xex, such that, u(x,,x,)> _L then,
U(x,,x,) < u(x, +x,x, +x), forallx e X,
ii. If  x,xex, such that, u(r,.x,)=%, then

U(x,,x,) < ulax,,ax,), forall 0zaeR.

Definition 2.5 [24]. A foset X, is called a Fuzzy Lattice if
every finite subsets of X has a supremum, and infimum. So
fuzzy lattice X is called Complete if every subset of X, has
a supremum in addition to, infimum.

Definition 2.6[4] Fuzzy ordered linear space, at the same
time is also “fuzzy lattice” is called a (fuzzy Riesz space).
Thus fuzzy ordered linear space need not be a fuzzy Riesz
space.

As it can be seen in the following two examples:

Example 2.7. In X = P[0,1] the set of all polynomials is a
linear space defined over [0,1] with pointwise ordering.
Define a function, X xX - [0,1] by, u(f,g9) =
Lwhen f(x) = (), a(f,.9) =% if f@<gk) |
forallx € [0,1] and f(x) = g(x) , and u(f,g) =0,
otherwise.

Now (X, 1), is not a “fuzzy Riesz space” because, the
supremum is not a polynomial.

Example 2.8. Let X = R? be the two-dimensional real
space with the coordinate wise ordering.
Define the function g: X x X — [0,1], by:

1, x=y,

, X1 < V,x, <y,and x #y,

B w

plx,y) =

wIN

, X1 <ypand x, > y,,
0, otherwise

Observe that X equipped with g is a "fuzzy ordered space”,
however the closed unit disc,

U={(x,x,) € R? : x? + x2 < 1}
equipped with the same coordinate wise ordering is not
fuzzy Riesz space.
To see this, consider (1,0), (1,0) € U. We see that every
upper bound of {(1,0), (1,0)} must be greater than or equal
to 1 in both it's coordinates.
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Therefore U, does not contain an upper bound of
{(1,0), (1,0)} and thus it does not contain it's supremum.

Definition 2.9 [21]. Let x be an element of X, then
x_ =x v 0 (positive part of x), and x _ =(—x)v 0 (the

negative part) also, [e|=x v (=x) (absolute value of x).

Proposition 2.10 [21]. For any x€X, the elements x _,
x_ and | are positive. Also the following equalities
hold,

I X =x_.—X_

H h|:x__x.

Theorem 2.11 [21]. In a fuzzy Riesz space, the absolute
value has the following properties:

b ey e[+ D>

i e | =[eje |

g =Ly e -3~ 4

Vo —y = vy) - Ap)-

Definition 2.12 [21]. Let X be a fuzzy Riesz space. Two
elements x,.x,€X are said to be orthogonal if

|x,_|,\|x:|=0:and are written as x, Lx,-

The definition can be extended to the subsets of X. Two
subsets A; and A, are said to be, Orthogonal if x| L x,,

forany x e4,and v, =4..

Definition 2.13. A sequence (p___.. )__:.E_.__;: in fuzzy Riesz
space is called ((O)-Sequence) if and only if (p; )...; isa
decreasing subsequence as a result . Vi, 0 and

O=infp, -

Definition 2.14. A sequence (X ;) .. in a fuzzy Riesz
space X is said to be fuzzy order convergence to an
element x, € X, denoted, "x , —=—x  "if there exists

another sequence, (2;);=:x, such that »; vz, 0.such that

for every J€I  with the Property that

u(x —xg‘,p__,.. ) =4. In this case, x; is called the Fuzzy
Order Limit of (¥; )z

Notation 2.15. Let F be a set of positive integers. The
natural density of F is distinct as:

{)‘” eF:_Ex(f,n)%}

8(F)= tim 1
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where denotes the number of

-{f eF:_z:r(f:n)“;?i}
elements F not more than n.

If 5(F) exists, Then§(F°)=1-&(F), thus F"is
the complement of the set, F" in I'.

3. Main results
In this section, We submitted a new concept, namely fyzzy

statistically (O)-convergent (Fso-Convergence) defined as
follows. So We established some properties and prove an

important theorems related to this concept.

Definition 3.1. Let X be a fuzzy Riesz space. A sequence

(x ;). Of elements of X is fuzzy statistically increasing

if there exists a set = [j-__ <j,<.tCcN such thats(F ) =1

and (x, ), is increasing with the aim of if j, =j

implies that ;r(x _.x. )=1.Inthis case, we note down
! FERG S =

x 7= .If moreover the element . =supx

exists, then

we note down 17 y .
A fuzzy statistically decreasing sequence is defined
similarly, then can write, x J,, . Also if v —infy

exists, then y \qu X,

Definition 3.2. Let X be a fuzzy Riesz space- A sequence
(x ; )“.-E_—w; in X is fuzzy statistically (O)-Convergent to an
element x, € X . If there exists (0)-Sequence (2;);ex
and a set F={j < j <.} of NNwith 5(F)=1 such

that, -{j N, e~ }%} has natural density

.

zero, in this case, we write y %2 . and x, is called

the Fso-limit of the sequence (x;);: .

Definition 3.3. Let X be a fuzzy Riesz space- A sequence
(x;);= in X is fuzzy statistically Cauchy sequence if there
exists (0)-Sequence (P;);=x a subsetF ={j, < j <..}
of I, with §(F)=1 and there exists, number k = k(€)

such that, . has natural
.{j € N:_u(pj#rj X g )>%}

density zero.

Theorem 3.4. Let X be a fuzzy Riesz space, and (x ;).
be a, sequence of elements in X. Then we have,
i If (x;);. is fuzzy statistically increasing, then the set,

{j eN:u(x ,px ) > TI has natural density zero.

J

il If (x ;). is fuzzy statistically decreasing, then the set

{j EN:pG ) .| has natural density zero.
e Nt .0, .0)> 3.

Proof.
i. Let (x;);.,;be afuzzy statistically increasing sequence

in X, then there exists a set F={j,<j.<.}cH such
that §(F)=1and (x ), is increasing. Now since

-{j EF: Mx, X, ) }:1} C-[j eN: px; :xJ_._l)“;%} hence we

]

. .

have the set, .]fj - Ni,ﬂ(x;_l:x;)“?%} has natural
density zero.
ii. This part can be proved similarly.

Theorem 3.5. Let (x;);.; and (y ) _. be Sequence in

fuzzy Riesz space X. Then the following satisfies:

i If v M, x b xg and =0 , then
ax; M ax, @ g | ax,

iy | pand, | g, then X;+y; 1eg O.

Proof. o o

i. This is obvious. From definition.

ii. Suppose that ., | _ 5 and L_ g, then we

y .
define the following sets: ‘
F={j <j<.}]c
H={k <k, <.}cN
such that 5(F)=&(H )=1, also let (x; )., and

(J. k; )."e}?
(respectively). Evidently (0) is an lower bound of the
subsequences. Now  assume that the  set
FNH={r <r<..}cN Wth 5(FNH)=1. One

are a subsequence of (v ) ... and(y )

infers that the sequence _;;(O:x R >L for every
ielN.Hence o . T (v, ;iE ;\\;}). Now let p
is another lower bound .of this set, it follows that
;:(p:xr +3,) >_1 for every i e I . Thus » = 7

where a member r of the index set F [ H . From this
we write, n(px +y )>i and

_;(xr__v X 4V Therefore by transitivity

/L
.
.ﬂ(p:xr _J.f_)>%

pel(x, +y, tiemy

)=1 -
for every » < . It implies that
It further implies that

pEL({in__f“_(xr—}'r_):ief-\-'}) Hence,

means that

pEL({(.\’r):}‘EF(—]H})
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_z.z(p:x BERE One infers that for every ; « F & We
have ;@_ inf x )1 Means that_;z(p:o) ~ 1. Thus,
: TrerrE T = -

inf(x_+v )=0 which shows that . Ve 0

‘r.'

Theorem 3.6. Let X be a fuzzy Riesz spaces, (x ;). . and

(v

). are two sequences in X. Then:

If (x;),., be a Fso-Convergence to both x  and y

then Xn=1Vn-
i If y _Fo oo and g %2 o, then
ax, —= sax,. acR and

X, HY, o, + Y,

If X L}xn and 1 L}T y then
X, V) Er—55>x VAT and,
XAV, — X AV,

If Y;i)l then t;i)ln
‘L_r—ss)‘ﬁ.c_ and ‘rf‘%hﬁ

Fso N 1
If xX;——X%, and  wu(y;,x;)>35 . then

(Yo, %) >

Proof.

. By definition , _ fe .

By Definition 3.2 ,, __ %2 .. -, reveal there exists

J

(0)-Sequences P )= and (i) in X, and a set
F={j <j.,<..}jcN . with  s(F)=1 so as to

#(x;r._xc‘:p;f))% ' .‘;‘!(‘Z;_. _x:|:q‘.-__)>% for

everyi € M. So we know .;’(Oebfs _}-UD > L. Thereby,
we have that:

o =olfr, —xo] + e
and,
;J(“f —xs‘—‘le__ _J's‘:p;; —fj“.-l_.)“?%

for every i e[ . For that reason by transitivity

H(
we have . =y, .

n
L

P, +q. )=t for every / e [N . Hence

Lo —Vo

implies, there exists (O)-
the
1 has natural density

:f::r(pj.__‘.\'j. - X, ‘)>%.’

sequence Supplementary set

(P‘.- ) &%

|

pJ EL

zero. Firstly, let @ =0, since (p;);.; be (O)-
sequence, then P, Lo and o:ﬁ_:l:t:pj: implies that
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Thus, the set

apj_. ‘L:_:; 0 and 0 :llI_}“f (ijl_

. .| has natural densit
{jeF:':_u(apJ_._.cz‘xj—xc‘)>jl> y

zero. Hence we have, ar, — sax,

Now if o <0 , would imply the (O)-Sequence
(p;);. D€ increasing means that ,,,, 17 ¢, then in
this case, the definition, Fso-Convergent is not satisfy.

Now Let another Sequence in X, (y ) .. such that

y . —%2 4y - Then there exists (O)-Sequence (p,),_.
that the

(q‘f )‘i =M

.{j EN:;:(p;,lrj —xg)>} and

and such sets

[

W

[

)

-{j eI, ‘1 y } has natural density

zero. Consequently, a(|(x; +y;) — (%o + ¥o)| | (x; +
¥ = (o + ) + (%o + ;) — (X + ¥0)|) > 2 ,
implies that (]|(x; + ;) — (xo + ¥;) + (x0 + ¥)) —
(%0 + o), |%; = x0| + |¥; — ¥o|) > %, for every j € N.
By transitivity we have for every j € N, a(|(x; +
i) — (%o + yo)|. |% — x| + |y; — ¥o|) > % . Clearly,

that .flf(k; _x:‘_ for every jEN

v, —rop <)~

and transitivity yields ;fq(x_71.__)7(_“71.0)|_p_ 1g)>1

where O-Sequence  because

(p_‘;' - Q‘J,- )_,-" o be

P, +q; Ve 0
inf(p, +¢,)=infp, +infg, =0- Hence, can have

and

the,x5+}'fr—x>xs+:l'3.
Since y _ %2 .. andy _ %@ .. there exist

two (O)-Sequences (p,)... and, (g;),.. such that,
£
j €N . Consequently a(|(x;Vy;)— (xoVyo)l|x —
xo| + |y; — ¥o|) > % forevery j € N.

Also clearly:

'3 —xg\,.pu,.)>—1 and *“’U‘ —J'a\:ﬁ';)‘»%’ for every

Py a5
Therefore by transitivity we have:

.
‘u”_\’j -x,

Y=Y

;I(‘(Y VY )_(x: v JS)‘p ~4; )= T

for every j € N. From prove the part (ii), we have
(2, +4q,), = be O-Sequence. Thus,
X VY L:’"S Vg

Similarly, we have that ;- ;. _ #° >X, AV,
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iv. Let (y ) _. be a sequence in X thus, _ %2 .

then there exist (O)-Sequence, (p,)._. of element in X

3.

and a set F=f s With 5(F)=1 such

7o

i.= }:

x,:' _xﬂ‘:p;))%}: has

natural density 1. To prove the first assertion,

Jel:u(

that the set, |
]

x T xg Thus we can write
-{j eN:ufr, _xu‘:pj)}%} be a subset of the set,

. "s s Therefore, we have
.{j e Nl [ —x, ‘:pj)“;%}.

x5 57 Similarly, 7 Fe -
Finally, to see that ‘x ) ‘;,|1C| we can write

R _xﬂ‘:pf)‘}%

the set, ,{j eN: u(

} is a subset of

the  set _fj.EN;‘;(quﬁ‘—\ﬁcg”rp;)“ﬁ%} where

]

(Pj)jon be O-Sequence. Hence we have that

X,

.

v. Suppose, y 2 o and pg(x . 0)=1 for every

j € IN. From this hasy ~ = (—x .y 0 =0 It further

implies that —y =77 (0) imply that ;,_, ¢y 2
for every ; e N . By using the part (iv), have that
x; Fio »X where x;=0-. Thereby, be able to

write ‘Lr(g:xn);,;; Since , _ 2 ., and

_&(;-U,x )=+ for every j ¢ Iy . Therefore condition

(i) of the Definition 2.4, _;r(o:x__ -1,) -~ 1 for every

jEN . Consequently we can write
X, -y, —% sy —y _ byusing part (ii). Therefore

we see that‘;’(o:xs —v,)>1.Hence ;1(3'::1':) = L.

Theorem 3.7. Let X be a fuzzy Riesz space, (x ). ...
(¥ )jen and (z . )._. be three sequences of points in X,
such that:

. .u(xj ::"J') = %: and uly J .-ZJ') = T for all
je F = with 5(r)=1.
i If oy _Fo o and  , _F2 o, then

rsa

y,—— g

Proof. Assume that the given Conditions (i) and (ii) hold
for the sequences(x )., (v,),.. and (z.),_. suppose

two (O)-Sequences @), and @)= - Also from
condition (i), have s(F)=g5(F,)=1 , Where
F={j, <j.<..]cN, E=[l, <l ,<..}c, such that

.
.H(p.-':‘x:‘ —Xy

N. Also get s5£MNF)=1, and from (i) we have

)=1 and

1 ,u(qu,.-,‘zu,.- RE for every j €

i, ~xgy, —x) >4 @9 Ly —xz x s 4 for

every j € N. This implies:

a(;t —x::k; —xs‘—}zj —xs‘);—é
and

_z:r(‘xj —xs‘—‘zj —xs‘:pj +q;) >%

By transitivity have:

_1.:(;'._. —x,.p, +q,) =L forevery je F,NF, c .
Since (Jpl_)l__:r{_ Ja”dJ(Q.-).-f:; then p +gq. V.. 0. So
moreover‘ ir‘l\f(p,.._ —f!.-_)Z‘iIde_P.-_ —in}fg._._“:o .“Consequently,
for (p,-‘ +¢_; ),.- . be (SS—SequZace comprise the set

-{j - Ni,ﬂ(b'; _xs‘_‘pj q)) }_} has natural density 1.

.

Hence , _ 2 .. .
Theorem 3.8. Let a sequences (y ). . and (¥ )., be

JeH

fuzzy Riesz Space X. If (v .)... is fuzzy order
convergent sequence, such that x; = y;, then (x ). __1is

Fso-Convergent.
Proof. Suppose {j € N: x; # y; } has natural density zero
and a sequence (y ). is a fuzzy order convergent.

Subsequently there exists (O)-Sequence (p Ve and a set
F={j < j.<.}CIN; with 5(F) =1, such that:

_{j EI‘-J:,z:r(pJ_.,kcj —-X, )>%};

—

_{j et‘-rT:;:r(pJ_.,‘vj —X;

=

)>j} u{j € Nix; = y;}
Thisxmeans that,

5( rf eN: ,;:(pj. "c —xg‘) > Lw <

'\_i J/

o"[{f € FJ:,EI(P;:‘)-J__ —x9|) >LH +8({j e Nex; =

i}



Al-Nahrain Journal of Science
ANJS, Vol.23 (3), September, 2020, pp. 61 — 67

While, (3 ), .:
Xo In X, the set [

be a fuzzy order convergent to element

eN-;r(p ‘1_ s 1} contain finite
] L R L)

number of integers. Hence, the set

. * has natural density zero.
.{J EN:_{J(})J_-:‘J'J.- —xg‘)“;fl} y
)= —1}

is Fso-

From this include, the set [

JEN u(p } -X,

has natural density zero. Accordlngly (X )oone
Convergent.
Theorem 3.9. If a sequence (x .y, .. in fuzzy Riesz space

X is Fso-Convergent, then it is fuzzy statistical Cauchy.

Proof. Let (y ). is Fso-Convergent to x, in X. Then
there exists (O)-Sequence (p ) . as well as a set

F= Jfle;j {_,_. N, with 5Fy=1, and will write

A =-{j ENZ,H(JUJ_.:}JC; —X,

zero. So, be able to choose positive integers k(€), such
that k(€) € A. Then, we have the sets:

B= ]j eN: a(p Pc H—x:,)“;_%}
C= ]j el a("p Pc —X o)

)>l}

) =3

L} has natural density

while we explaln

{j eMN: u(lp "c —X i)

{j EPI:.H(JU;:‘-Y; _xﬂ)}%}u

.{j € I‘-?_f:,u(p“._.:‘:ck_(s3 —X,
Consequently,

aﬂj N0, Jr,
N

.

)>_¥Hg

1)

rj eN: ;.f(p; ‘r —x, D . l}J+

S
\ij eN:u(p,.

leads to the set

o

X, —X ‘) >lw
L= 0 —J/

This has,

-
«LE])/E

-{j - N:,H(EP;_-LYJ- e 1} natural density zero.

After ward (x - is fuzzy statistical Cauchy.

Theorem 3.10. Let X be a fuzzy Riesz space. A sequence
(x ;)2 s Fso- Convergent to Xo in x, if and only if there

66

exist a (O)-Sequence (p;);..: asubset F={j, < j <.} of

N, such that 5(F)=1 and a subsequence (x ) of

X )jer , such that (r ) - is fuzzy convergent to x, in
Xand, 5 if CN: a(p * ) 1} , for every
i €N.

Proof. Let (t ) _ be a Sequence in X, such that (& )se
Let (P;)exe be (O)

sequence and arbitrary subset F={j,<Jj. <) of N.

is Fso- Convergent o xp€X.

Put - , such that s(F*)=1,

=ll<il<.

NS
we write L .1 for an

G“:{j EP‘_:#(‘.&'; —xc‘:pj);uﬁ[( y
positive integer r. Then for each r, we have g = = G
and s(G)=1- Choose ¢ (1) such that / ¢ (1), then

G =@ | then for every positive integer [ such that
e(1)=1 <e(2),choose x G, this means there exist a

subset Fr = .} of Nsuch that 5(F*)=1, the

[J < J <.

set | . T .
1; e N :,u(‘.t

natural density 1.
In general, choose ¢ (i +1) = e (m ), choose x €G™,

, for every i € N has
—t‘p))* [ yi

we have a subset F={j<jr <.} of N, where
m=1.2,__,suchthat 5(F ) =1,and the set,

, for every i € N has natural
J{] Ju(‘ —r‘p)>| yi
density 1.
Hence it follows that the subsequence (x| ). is fuzzy
convergent.
Since (2;) = . be a sequence such thatp Lo, and a

subset F={j,<j.<.) of I, thus s(F)y=1.
So we put in writing,

u(‘r —-X, H . =X, ‘—‘r -X,

and,

,Ez(bcj —X, ‘—Pc‘._._ —x{‘:,’lpj) =1, Vijell
As a result by transitivity,

_z:r(‘x ;X ‘:2;);) =i Vi, jelN

Since a sequence (x .)._.. is Fso- convergent and (x ), _..

is fuzzy convergent, that

&
~1ll=o.
)

_beaO- -Sequence moreover a

implies

3[{; eN:uQ2p,Jx, —x,
Next suppose for (P,)er
subset F={j <j,<.) of N such that s(F)=1 and a
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subsequence (x ). of (x ). . such that (x )._. be

fuzzy order convergent to X €X and
5[: JeNup e, —x, ) >_:J —0,
Additionally foreveryi € N, |
.";qx; —X, Hx; _x‘.-'_ ‘ _}x‘.—'_ —X, ‘) >l::
and
u(‘xj. —-X |—|1c -X ‘,Ep‘._.)}%
ie.
{j EN:_{;(;)‘_._.JY —rﬂ);v_%};
«1j el ‘Ei(pj,‘ll -X ‘) >—:
u{j el ;.f(pj ‘1 —x,) > _:
thereby, for every i € N f
Fr 1
é’| ij eN u(pf,‘,rf —13D>—l 13
\ T _J/
5({; eN:up Jx, —x \)>L:]
7 .
+5|\.¢:‘ jeNiup Jx, x> _:]
for that reason the set, J'j- ST f:r(p_:‘x_ _x.]) . 1| has

|
natural density zero. This complete the Proof of this
theorem.
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