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Abstract

Throughout this work, we introduce some results of convergence, summable almost stability
for s-iteration and Picard-Manniterationin Banach space with respect to an integral condition. Also,
we study the equivalence between stability of these types of schemes.
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1. Introduction and Preliminaries
In 2007, Agarwal, O’Regan, and Sahu[1]
introducedthe  S-iteration scheme. Many
researchers have worked on this iterative
schemeto get results on convergence,
equivalence and comparison with other
schemes, such as [1], [2], [3], [4]. On the
other hand, Khan[5] in 2013 presented the
Picard-Mann iterative process and proved that
it is convergence faster than Picard [6], Mann
[7], and Ishikawa [8] for some types of
contractions. Abed and Abbas [4] have been
show that S-iteration iterative faster than
Picard-Mann for general quasi multi-valued
contraction mapping, and Akewe and Okeke
[9] proved that convergence and stability of
this iteration for a general class of contractive.
An arbitrary normed space X, let
F: X — X, be a mapping, M is function and
Awom,, € (0,1), then the iteration scheme:
i-w, € X,
Wan+1 = M(F' W/n,)
is called s-iteration [1] if:
Wyt1 = A Fz, + (1 - 7\ﬂn,)FW/n
Zp =NpFw, + (1 =M, )w,,Vn =0
(L)
- xg €X,
Zpe1 = M(F, x,)
is called Picard-Manniteration [5] if
Xni1 = Fyy,
Yo =MAFx, +(1 -7 )x,,Vn=>0
...(1.2)
Throughout this paper, we study two
things, first one is proving the convergence
and equivalence of s-iteration and Picard-
Mann to a fixed point of mapping satisfied an
integral contraction condition. The second is
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studying of summable almost stability,
stability of these iterative schemes for the
same mapping. Our results extend, and
generalize for a several research studies have
been carried out on generalizing contraction
conditions of integral type in [10], [11], [12].

Firstly, we recall some definitions we
need them in this work:

Definition 1.1, [13]:

An arbitrary iteration scheme x,,; =
M(F,x,,), where M is a function and a
sequence (x,,) converges to a fixed point p of
F. Suppose that (q,,) be a sequence in X, then
(x,,) is called Stable with respect to F (or F-
stable) if lim,_.,06, =0, implies to
lim, . q, = p, Where:

80 = 9n+1 — M(F,2)ll, =20 ...(1.3)
Definition 1.2, [14]:

Let X, F,(x,41).6,,q, and p be as of
definition (1.1), then the fixed point iteration
procedure (x,,) is Almost stable with respect
to F (or almost F-stable) if 7,6, <
implies that lim,, ., q,, = p.

Definition 1.3, [15]:

Suppose that X, F,{(x,,1),6,,q9, and p
be as of definition (1.1) then a sequence(x,,)
is called Summable almost stable with
respect to F (or Summable almost F-stable)
if Yo y6, <oco implies that Y .llq, —
pll < oo.

For more details in this field, see [13],
[14], [15], [16], [17], [18], [19], [20], [21],
[22], [23].
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Let <A be the calss of all monotone
increasing functions, such that ¥(0) =0,
where ¥: Rt — R*, H be the class of all
Lebessgue-Stieltjes  integrable  mappings
which is summable, nonnegative and such

that for each § > 0, fOSS(T)da)(T) > 0, where
S:Rt — R*.

Lemma 1.4, [12]:

Assume that X be a complete metric
space and § € H. Let (c,),(d,) c X, and
(a,) < (0,1), forall n > 0, such that:

d(c,,d,) — fod(%d”) S@dw()| <a,

with lim,,_,, a,, = 0. Then:

d(cp dy) = an < [2 s (D dw (D)

<d(c,,d4,)+a,

Lemma 1.5, [23]:
If vy is a real number such that 0 <y <
1, and (u,) is a sequence of positive
numbers, then for any sequence of positive
numbers (§,) holding, &,,i <Yv¢,+
W,, V7 = 0, we have:
1. Iflim,_,u, =0,thenlim,_ ¢, =0.
2. If Yo ou, < oo, thenwe have }77_,¢, <
0,

2. Main Results

In the following we recall the contractive
condition of integral type [10] which will be
used in establishing our results.

Assume that X is a complete metric space
for F: X — X be a self-mapping, there exist a
real number r € [0,1),W,w € A, and § € H,
for all x, ¢ € X, we obtain:

[ s@do@ < ([ s@dom)
1P s@do)

Example 2.1:
LetR be real numbers with usual metric
andF: R — R be a mapping, such that:

Fr _{ 1, =1
~ 10, otherewise

Let ,w € A and § € H, such that S(7) =
w(i®)=1,vreR", for each §>0,
[} s@dw(e) > 0.

Letustake x = 1,y = 3,r = 1/2, then the
condition above holding.
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Theorem 2.2:
Let X be an arbitrary Banach space and
let F: X — X, such that:
Il — Fxll

=Pl s@do) < ¥ ( /) S(T)da)(r))

+rf0”x_y”5(r)da)(r) ...(2.1)
Suppose that F has a fixed point p. For
wy € X let (w,,) be the S-iteration defined by
(1.1), where A,,m, €(0,1),0<A <2, and
0<n<n, Let, ¥,weAandS € H. Then

i. (w,,) converge to p.
2. 1Pl s dw() < [+ A —n) -
DA+ 1]rf0”q”_p” S(Mdw(r) +
fOS“ S(@)dw () + 7a,,.
Proof: To prove part (1), let{a,) c (0,1),
using triangle inequality, condition (2.1) and
Lemma (1.4) as follows:
[P s () dw (@) < Wper = pll + ay
< AulllFz, = pll = a,] +
(1 - )\fn)[”FW/n - p” - a’/n,] + 3“%
<A PPl (@dw (@ +
@ -2 M s@dw@ +
3a,
<2, [®(P M s (@dw (D) +
e[} P s (@) dw ()] +
A=) [¥ ()" s@dw@) +
e[l do )] + 34,
<A1 [ Pls@do ) +
A -2 [ Pls@dw ) +
3a, (since ¥(0) =0)
< Aptllz, —pll +
A -2 )" Pl s@dw@ +
4a,
< )\nr[nn(”FWn - p” - a’/n) +
(1 - nn)(llwn - p” - a’/n)] +
A -2 [ Pls@dw) +
6a,
<At [T Pl s (@ do@ +
[}‘n(l - rln)r +
@ =200 ;P s (@ dw ) +
6a,
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< A, Mut [‘P (fonp_Fp” S(T)da)(r)) +
e Pls (0 do@)] +
A, (1—7n,)r+
(1 =1 ;P s@do) +
6a,
[(nn r+ (1 - nn) - 1))\41 +
1 " s@dw@) +
6a, " Pl s(@)dw(®
< [mr+@—-1m)—DA+
1 [P s@dw@) + 6a,

By applying Lemma (1.5), we
lim,_,w, =p.
Now, to prove part (2) of above Theorem:

Let {q.}.—o be a sequence in X,
{a,.}n-0 € (0,1), defined {5,,} by:
8, = ”q/n+1 — A Fw, — (1 - )\fn)Fqn”
where w,, =1, Fq,, + (1 —n,)q,, 7 = 0.
Using triangle inequality, condition (2.1) and
Lemma (1.4), we obtain:

f”qn-'-l_p“S(T)dw(T) < ||qn+1 - p” t+a,

0
< [”qn+1 - )\/nFW/n - (1 - }‘/n)Fq/n” -
a’/n] + )\/n[”FW/n, - p” - a’n] +
(1 - )\/n)[”Fq/n - p” - a’/n] + 4-(1,,1
<A TPl s@dw(@) +

1 -2 [Pl s@dw (@) +
[ s@dw(@) + 4a,

<2 [P S (@D dw () +
e[ Pls () do@)] +
A=) [¥ U s@do@) +
e} Pls@do@)] +
[ s@dw (@) +4a,

< )\nr”W/n, - p” + (1 - )\/n)r
14 Pl s @ dow(@ +
[} s@dw(z) +5a,

< }\nr[nn(”Fqn - p” - a’/n) +
(1 - r]n)(“qn - p” - a’n)] +
A -2 1Pl s@dw@) +
[ s(@dw(@) +7a,

< A, Mut fOHFq”_p” S(t)dw(r) +
[An (1 —mn,)r+ (1 —A,)1] X

yield
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[Pl s @ dw ) +
[ s@do(@) + 7a,

<2 [ lp—Fpll

< Aanat [# ()7 s do (D)) +
e[ Pls@do@)] +

(1 =n)r +
@ =201 [} P s (@dw(@) +

rs@do(@) +7a,
=AM+ 2,1 —m,)r+

A =21 [} Pls @ do@ +

[ $@dw(t) + 7a,, (since ¥(0)

=0 and by using Lemma (1.4))
=[Mpr+(1—m,) - DA, +

1]rf0”q”_p” S(t)dw(t) +

[ s@dw(@) +7a,
From0 <A <A,,and 0 <n <m,,we
obtain:

e Pls () daw(r) < [+ (1 —n) -

DA+ e [l P s(@)dw (o) +

f05“5(r)dw(r)+7%_ m ...(22)

Theorem 2.3:

Assume that X,F,p,¥Y, w,S,{w,},{q.},
{A.},{n,.}, and {8,.} be as in Theorem (2.2).
Let (a,,) be a nonnegative real sequence with

=1, <. Then (w,)is Summable
almost F-stable, moreover if Y7 _;llq, —
pll < oo, then}>_, 8, < .
Proof: Assume that ).7_; 5,, < c. Then, we
prove that .7_4llq,, — pll < .
Since Y5_18, <o) _ia, <o 0<A<
Au0<n <mn,, and by applying Lemma
(1.5) in (2.2) of Theorem (2.2), we get
> alla, = pll < .
(&) conversely, let ¥ _1llq, — pll < oo, to
show that })5,_, 65,, < .
Now using condition (2.1), triangle inequality
and Lemma (1.4), we have:

Sn
J,"$@dw(r) =
J‘O”Qn+1_}\ann_(1_7\n)Fq/n” S(T)d(x)('l')

< ”qn+1 - }\nFWn - (1 - }\n)Fqn” +
a

< [Pl s@)dw (@) +
A [P s (@ dw (o) +



1 -2 [P s (@) dw (o) +
4a,
f()llq%+1_pI|S(T)d(l)(T) +
A [‘P (fonp_Fp” S(T)da)(‘r)) +
rfollwn—pll S(T)dw(r)] +
A=) [¥ ()" s do@) +
e[} Pl s (Mdw(D)] + 4a,
f()llqn+1_p||5(‘[)dw(f) n
}\nr”Wn - p” +
A=A 1 Pl s@dw(@) +
5a,
follq%+1_p||5(T)d(l)(T) +
AT, fOHFq”_p” S(t)dw(7) +
[}\/nr(l - nn) +
@ =21 [ P s @ dw ) +
7a,,
f0||Qn+1— pll S(T)da)(’[) +
At [® ()P S (Ddw (@) +
rfonq”_p” S(T)dw(‘r)] A, x(1—
N.) +
@ =21 [P s@dw@) +
7a,
— follqnﬂ_p”cS(T)da)(T) +
[}\/nrznn + }\nr(l - n/n) +
@ -2d [ P s@dw@ 74,
_ ||Qn+1—P||S(T)dw(T) n
Iy
[((1 - n/n) +rn, — 1))\/n +
1]rf0”q"_ Pl S(@)dw(r) + 7a,
.(23)

By using (0<A<2,0<n<n7,) and
i, <oo,wehave }r_ .6, <. =

IA

IA

IA

IA

Theorem 2.4: LetX,F,p,¥, w,S,{w,.},{q,.},
.} .} {a,} and {5,} be as in Theorem
(2.2). Then {w,}is F-stable, moreover if
lim,_. q, = p, implies to lim,,_,., §,, = 0.
Proof: Assume that lim,_., 5, = 0. Then,
we prove that lim,,_,,, q,, = p.

By expresses (2.2) inthe form ¢,,,; <v¢, +

My
Where O<y=[mr+0—-m—-DA+
1Jr<1, §E,= fonq"_p”é‘(r)da)(r) and
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W, = fOS"S(T)dw(T) +7a, with

lim,, e Wy, = lim,, e (fOS”S(T)dw(T) +
7ctn) =0

By Lemma (1.5) and the fact fOSS(T)da)(r) >
0, for eachd > 0.

We yield:

197 sy dw (@) = 0

= lim/n—wo”q/n, - p” =0= hmn—)oo 9. = P-
(<) conversely, let lim,,_,,, q,, = p, to show
that lim,,_,c, 8,, = O.

From (2.3) and by using (0<A<2,,0<
n <mn,), We have:

fOS"S(T)dw(T) < follq”“_p” S(t)dw(7) +
[(A-m)+rtn —DA+1]r x

f”q”_p” S(Mdw(®)+ 7a, — 0,asn — oo,

0
This implies to lim,_,,, 6,, = 0. m

Theorem 2.5:

An arbitrary Banach space X, let F: X —
X satisfies the condition (2.1) and has a fixed
point p. For x, €X, let {x,},,-, be the
Picard-Mann iteration defined by (1.2) where
A, € (0,1)such that 0 <A <A,.Let ¥, w €
A ands € H.Then:
1- {x, };=0 CONverge to p.

2- f;'q"“_p”é‘(r)dw(ﬂ <A+
A -0k [P s@do@ +
[)7 $(@dw (D) + 5a,.
Proof: To prove part (1), let(a,,) < (0,1) and

we use triangle inequality, condition (2.1) and
Lemma (1.4), to obtain:

[Pl (@dw(@ < xp41 = pll + ay
= [”Fyn — pll —anl + 2a,
<[¥ (/" 's@dom) +
e, Pl s(dw(@)] + 24,
= [} P s@dw(®) +2a, <
r ”’y’n - p” +3a, <
Aot [ Pl s (D dw (@) +
@ -2 [l s dw) +
5a,
< [w ([P s(@Ddw@) +

rfollx”_p” S(T)da)(r)] +
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A=A [Pl s@dw(@) +
5a,
= [)\nrz + (1 - )\n)r]
[Pl s@do@) + 5a,
=X+ (1 —A)]r
follxn—pll S(t)dw(t) + 5a,
<[Aa+A-D]t
f”x”_p” S(t)dw () + 5a,,.

0]
Now, wusing Lemma (1.5), to obtain

lim,_, x,, =p.
Proof part (2):

Let (q,) be in X<(a,)c (0,1),{5,}
defined by:

8, = ”qn+1 - Fxn”'

where x,, = A,Fq,, + (1 —21,)q,,n = 0.
We use triangle inequality, condition (2.1)
and Lemma (1.4), to obtain

f”qn-'-l_p“S(T)dw(T) < ||qn+1 - p” t+a,

0
< [“qn+1 - Fxn” - a’fn] +
[”Fxn - p” - a’/n] + Sa’/n

< [} s@dw(@) +
(¥ ("™ s(do@) +
e[ Pls@dw(D)] + 3a,
= rfonx”_p” S(M)dw(r) +
[ s@dw(@) +3a,
<tllx, —pll+ [ S@dw(®) +4a,
<At fOHFq”_pHS(r)dw(r) +
A -2 [} P s@dw) +
[ s@dw(@) + 6a,
<A,r [‘P (follp— Pl S(T)da)(T)) +
rfonq”_p” S(T)dw(r)] +
A -2 1Pl s@dw(@) +
[ s@dw(@) + 6a,
=[N+ (1A -2)]t
197l s (@ deo (@) +
[ $@dw (D) + 6a,,
By using (0 < 4 < A,,), we have:
flams s (@ dw@ < e+ (1 -
NIt} Pls@do@) + [)" s@dw(@) +
6a,(2.4). m
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Theorem 2.6:

Let X' F' p,l[-" w, 5' {xn}' {q/n}' {)\n}'
{n.}, and {6,} be as in Theorem (2.5).
Assume that (a,) be a nonnegative real
sequence with >, a, <oo. Then {x,} is
Summable almost F-stable, moreover if
2n=1lldn — pll < oo, then Y7, 8, < .
Proof: Assume that ).;,_; 8, < co. Then, we
prove that Y.7_4llq, — pll < co.

From (2.4), since 0<[Ar+(1—-D]r< 1,
and Y72, a,, < oo, the conclusion follows by
Lemma (1.5).

(&) conversely, let >>_,|lq,, — pll < oo, to
show that 5, 6,, < .

The proof completes by the same way of
Theorem (2.3). m

Theorem 2.7:

Let X,F,p¥,w,8,{x,}, {q,.}{7,.}, and
{6,,} be are of Theorem (2.5). Then {x,,} is F-
stable, moreover if lim,_,,, q,, = p, implies to
lim,,_. 68, =0.

Proof: Let lim,,_, &, = 0. Then, we show
that lim,,,,q,, = p.

Applying Lemma (1.4) in (2.4), where
0<y=ax+0-D<1,

€, = fouq”_p” S(t)dw(7) and W, =
[ s@dw(t) +6a,

such that:

iy 1, = 1o ([ S(Ddar() +
6a,) =0

and the fact fOSS(r)dw(r) >0, V6 >0, we
get:

197 s dw(@) = 0

= hmn—)oo”q/n - p” = 0 = lim/n—mo qn = p
(&) conversely, suppose that lim,,_,, q, =
p, to prove that lim,,_,, §,, = 0.

The proof completes by the same way of
Theorem (2.4). m

Remark 2.8:

By definitions (1.2), (1.3), we get the
sequences (w,,), (x,,) in Theorems (2.3), (2.6)
are also almost F-stable.

Theorem 2.9:
Suppose that X be a Banach space,
F: X — X satisfies the condition (2.1) with a



fixed pointp,¥,w € A,S € H and {(a,,) be a
nonnegative real sequence with >, a, <
. For wy, xy € X, let (w,,), (x,,) defined by
(1.1), (1.2) respectively and converge to fixed
point p, where A,,7m, € (0,1), such that
0<A<A,,0<n<n,. Then the following
iterative schemes are equivalent:
[- The S-iteration is summable almost F-
stable,
[I- The Picard-Mann iteration is summable
almost F-stable.

Proof: Assume that the S-iteration is
summable almost F-stable, to show that
Picard-Mann iteration is summable almost
F-stable.
”x/n+1 - F/y”n” < ”x/n+1 — M Fy, —

(1 - )\/n)Fx/n - Fy’/n”

< ”xn+1 - )\/nF/y'/n - (1 - )\/n)Fx/n” +

Hence:
I, — Fyp,o |l < |IFx,, — pll + lIp — Fypoll <

[Pl s (@dw(@) +

[Pl s@dw @) + 24,
<|¥( f”p‘Fp"S(r)dw(r)) +

0

rfonx"_p” S(T)da)(r)] +

[ty ( [l S(Ddw(n)) +
rfon%_p” S(T)dw(r)] + 2a,,
=[S dw () +

f()”%_p” S(T)da)(r)] +2a, <

r [ [Pl s@dw(@) +
g = pll| + 32,
< o[PS dw) +
M llFx, —pll + (A = )llx, —
pID] +3a,
<:[ [Pl s@dw@) +
e (% (J," P S (D dw(D) +
e[ Pls(@do@) +
(1 =nw) ;" s@do@] +
5a,

=t[l+n,r+ (1 —n,)]

[P s@dw(@) + 5a,
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< r[l tn,r+ (1 - nn)]”xn - p” +
6a,, ..(2.6)
By butting (2.6) in (2.5), we have:
”xn+1 - F’our'/n” = ”xn+1 — M Fy, —
Nnt+ (1 - nn)]”x/n, - p” + 6a’/n
= ”xn+1 — A Fy, — 1- }\n)Fxn” +
1-Drl+nr+ @A -]z, -
pll + 6a, ..(2.7)
From (2.7), () 0<A<A,,0<n<n,
Yoia, <o and (x,) converge to p, we
yield Picard-Mann iteration is summable
almost F-stable.
(&) Conversely, let Picard-Mann is
summable almost F-stable, then, we prove
that S-iteration issummable almost F-stable.
”Wn+1 — A Fz, — (1- )‘/n)FWn” =
”Wn+1 - an” + (1 - )\fn)”FZn - Fwn”
...(2.8)
Since:

”szn - wan,” < ”an - p” + ”p - Fwn” <
[Pl s (D da (o) +
[Pl s@dw @) + 24,
<|¥( fle-rel S(Ddw(1)) +
rfollzn_p” S(T)da)(r)] +

¥ ("™ s(@do@) +
e[ Pl (Mdo )] + 24,
=t[[}" s @dw () +

s do @] + 24, <

t|llz, — pll +
[ Pls@dw(@)] + 34,

0
< t|MallFw,, = pll + (1 = n,)llw,, -

pl) + [} P s(Ddw ()] +

3a, <

T [nn (‘P (fO”p_Fp” S(T)dw(r)) +

e[ P s (Ddw (D) +

(=) f" s @do@)] +

e[ Pl s(@)dw(o) + 5a,
=tfl+n,r+(1-—n,)]

M Pl s@do () + 5a,
<t[l+n,r+ (1 —n)lllw, —pll +

6a, ...(2.9)
By putting (2.9) in (2.8), we yield:
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||Wn+1 - }\anzn - (1 - }\n)FWn” <
||Wn+1 - an” + (1 - )\n)r[l +
Npt + (1 - nn)]”Wn - p” + 6a’n
<|Wpp1 —Fz,ll+ (A=D1 +nc+
(1 -mllw, —pll + 6a, ...(2.10)
From (2.10), (I), 0<A<A,,,0<n<n,,
Yoo, a, <o and (w,) converge to p, we
have S-iteration is summable almost F-stable.
|

Below, we shall introduce a theorem
about equivalence between S-iteration and
Picard-Mann iteration for stable and almost
stable with respect to F without proof as it is
similar to the proof of theorem (2.9).

Theorem 2.10:

Assume that X be a Banach space,
F: X — X satisfies the condition (2.1) with a
fixed point p. Let ¥,w € A,S € H and (a,,)
be a nonnegative real sequence with

i, < oo For wy, x, €X, let(w,),{(x,)
defined by (1.1), (1.2) respectively and
converge to fixed point p, where A,,n, €
(0,1)suchthat 0 <A1 <2A,,0 <n <mn,. Then
the following iterative schemes are
equivalent:

a- - The S-iteration is almost F-stable,
[I- The Picard-Mann iteration is almost
F-stable.
b- I- The S-iteration is F-stable,

[I- The Picard-Mann iteration is F-

stable.
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