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Abstract

In this paper, the classical and pre-Lie Magnus expansions have been studied, discussing how
one can find a recursion for the pre-Lie case which already incorporates the pre-Lie identity. A
combinatorial vision of a numerical method proposed by S. Blanes, F. Casas, and J. Ros in [4], has
been given on a writing of the classical Magnus expansion in a free Lie algebra, using a pre-Lie

structure. [DOI: 10.22401/ANJS.00.2.15]

1. Introduction

Wilhelm Magnus (1907-1990) is a
topologist, an algebraist, an authority on
differential equations and on special functions
and a mathematical physicist. One of his
long-lasting constructions is a tool to solve
classical linear differential equations for
linear operators, called Magnus expansion
[14], which has found applications in
numerous areas, in particular in quantum
chemistry and theoretical physics.

Magnus expansion is a formal expansion
of the logarithm of the solution of the
following linear differential equation:

d
y(©:= 2y® = a®y®, y0) =1
(1)

Many works have been raised to write the
classical Magnus expansion in terms of
algebro-combinatorial structures: Rota-Baxter
algebras, dendri form algebras, pre-Lie
algebras and others, see for example [8, 9, 7]
for more details about these works.
Particularly, a generalization of the latter
called pre-Lie Magnus expansion had been
studied [1], and a brief survey about this
expansion is presented in this paper. An
approach has been developed to encode the
terms of the classical and pre-Lie Magnus
expansions respectively, by A. Iserles with S.
P. Ngrsett using planar binary trees [12], and
by K. Ebrahimi-Fard with D. Manchon using
planar rooted trees [9] respectively.

F. Chapoton and F. Patras introduced a
concrete formula in [7] using the Grossman-
Larson algebra. This formula has been studied
briefly in Sections 3 and 4, comparing its
terms with another pre-Lie Magnus expansion
terms obtained by K. Ebrahimi-Fard and D.
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Manchon in [9]. This formula can be
considered as optimal up to degree seven,
with respect to the number of terms in the pre-
Lie Magnus expansion. The question, raised
by K. Ebrahimi-Fard, of writing an optimal
(i.e., with a minimal number of terms) pre-Lie
Magnus expansion at any order remains open.

In Section 5, we look at the pre-Lie
Magnus expansion in the free Lie
algebra L(E). The weighted anti-symmetry
relations lead to a further reduction of the
number of terms. The particular case of one
single generator in each degree is closely
related to the work of S. Blanes, F. Casas and
J. Ros [4]. A combinatorial interpretation of
this work is given, using the monomial basis
of free Lie algebra L(E)described in [3].

2. Classical Magnus expansion

W. Magnus provides an exponential
representation of the solution of the well-
known classical initial value problem:
V(£):= < Y(t) = AQY (D), Y(0) =1

...(2)

Where Y(t),A(t) are linear operators
depending on a real variablet, and Iis the
identity operator. Magnus considers the
problem (2) in a non-commutative context.
The problem, according to Magnus' point of
view, is to define an operator 2(t)%,
depending on A, with 2(0) = 0, such that:

V() = exp (f; 2 (5)ds) = Tnao ™ .(3)

This operator is bounded and absolutely bounded. It is
assumed to be continuous on the interval [0, t], for

t > 0, and continuous on any compact subinterval of
[0,t] [14].



Magnus obtains a differential equation
leading to the recursively defined expansion
named after him:

Q) = [, 0 (s)ds

= [JA(s)ds+ [, 2n>0 dm™

adfs) AN

(4

where B, are the Bernoulli numbers defined
by:

w Bm_m_ _Z
Lm=0 m! z5 = e?-1

1 1
=1—--z+ —2z%—
2 12

L4 + -, withz#0
720

and adg is a shorthand for an iterated

commutator ad3A =A, adiA=[0,A]=
NA—-AQ, adiA=[0,[0,A]] and, in
general,add**A = [Q,adJA]  [14], [5].

Taking into account the numerical values of
the first few Bernoulli numbers, the formula
in (4) can be written:

Q) = A@®) — 12, A®] + Z[[2,A®)].02] +
Sl 12,401+,
where Q(t) = %Q(t). One can write the

expansion in (4) as:

-Q(t) = Zn>1 2, (t)
where 02,,(t) is standing for 2,(t) =

fOtA(s) ds and in general:

0 () = 721 ,f 5(1) (s)ds, forn > 2
...(6)

Sp = (201, AL S, = adg*(4), and:

S(D Y 1[~Qm'51(1] 1111)] for2<j<n-1.

...(5)

3. Pre-Lie Magnus Expansion

In this Section, we study an important
generalization of the Magnus expansion in the
pre-Lie setting: let (PL,>) be a pre-Lie
algebra defined over a field K. The linear
transformations L,, forA € PL, defined
byL,: PL — PL, such thatL,(B) = A B,
for all B € PL. DefineQ == Q(14), ford €
PL, to be a formal power series in APL[[A]].
Now, the classical Magnus expansion,
described in (4), can be rewritten as:

QOA© = == (O

= Tma0 2 L[O]" D@ ...(7)
where L. [Q](24)(0) (Q=24)(1®) =
[f; @ (9)ds, 24(0)], are

B Bernoulli
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numbers, this formula
Magnus expansion [1], [8].

is called pre-Lie

Lemma 1. Let A,B be linear operators
depending on a real variable t, then the
product:

@A = BY(®):= [[, As)ds, B®)|  ...(8)
verifies the pre-Lie identity, where:
[A(t),B(t)] = (A-B — B-A)(D).
Proof. Let A,B,C be linear operators

depending on a real variable t. Set I(4)(¢t) :=
fOtA(s) ds, then we have:
I(A)-1(B)=1(I(A)-B + A-1(B)) ...(9)
In other words, I is a weight zero Rota-Baxter
operator?. Hence:
(AeB)eC))— (A= (Be0)) =
[1([1(4), BD(®), C(D)] -
[ @), [1(B)(®), C(D)]]
= [I([1(A), BD (@), C(D)] —
([t ®, 1B®I1 c@®)] +
[1(BY(®), [1(A)(1),C(B)]]) (by the
Jacobi identity)
= [1(I(4A)-B = B-1(A))(0),c(®)] -
[(1(4) - 1(B) —I(B) -
1(A)®),c)] -
[1BY®), [1(A®), c(®)]]
= [1U(A) - B)(@®) = (1(4) - I(B))(®) +
(1B - 1)) —1(B -
1(4))®), c ()] =
[1BY(®), [1(A) @), c ()]
=[1(1B)-A-A-1(B))(®),Cc®)] -
[1BY®), U D), c®)]], (by (9))
= [I([1(B),AD(®), C(D)] —
[1(B)(®), [1(A) (1), C(®)]]
=(BeAe=C)®)- (B>
(A4=0)®

This proves the Lemma.

The formula (7) can be represented as:
Q(AA) = Xnso 2n(24) ...(10)
where Q,(14) = A4, and in general:

’For more details about Rota-Baxter operator,
Rota-Baxter algebras see [8, Paragraph 5.2] and
the references therein.
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0, (A4) = 7;11%2k1+...+kj=n_1L‘> [O,] <L>[Qk2](...(L> || (AA)) ...)),fornz 2 ..(11)

k121,..., k]21
Here, we give few first terms of the pre-Lie
Magnus expansion described above:

QUA) =M - 2 Ac D)+ PGASA) >
A+%A1>(A1>A))—A4(%((A|>A)l>
A)l>A+i(AI>(AI>A))I>A+
%(AD((ADA)DA)+(AI>A)I>

(4> A))) .(12)
There are many ways of writing the
Magnus expansion, for pre-Lie and classical
formulas, in various settings using Baker-
Campbell-Hausdorff series, dendri form
algebras, Rota-Baxter algebras, Solomon
Idempotents and others, for more details
about these works see [1], [8], [7] and the
references therein.

Using the pre-Lie identity, the pre- Lie
Magnus expansion terms can be reduced: for
the terms at third order, Q;(14), no further
reduction of terms is possible. At fourth
order, two terms can be reduced as follows:

0,(14) = 24 (é((A >A)eA)>A+

1

Z((AD(ADA)) >A+ A

(4> 4)=4)+(A>A) & (A 4)))

...(13)

and, by pre-Lie identity, we have:
AcADe(AcA)=(ArA)>A)cA-
A>(AcA)cA+Ac (A A) > A)
then(13) equals:

1 1
/14<g((Al>A)>A)l>A+EA|>

(A= A) > A))

At fifth order, (5 (14), three terms out of
ten can be removed [8]. For more details
about this reduction of pre-Lie Magnus
expansion terms, see the next sections.

A beautiful way of writing the pre-Lie
Magnus expansion is proposed by F.
Chapoton and F. Patras in their joint work [7].
We review here a part of their work
corresponding to pre-Lie Magnus element, as
follows: let (PL(a),=>) be the free pre-Lie
algebra with one generator a, and PL(a)be
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its completion®. The Magnus element in
PL(a) is the (necessarily unique) solution
to the equation:

The exponential series exp(a) = ano%

belongs to S(PL), the completion of the
symmetric algebra over PL(a), endowed
with its usual commutative algebra structure.
We give in following an important result
obtained by F. Chapoton and F. Patras in [7].

..(14)

Theorem 2. The Magnus element Q(a) in
PL(a) has the following presentation:

Q(a) = log*(exp(a)) ...(15)
wherex is the Grossman-Larson product®. The
notation log* means that the logarithm is
computed with respect to the product .

Proof. See [7, Theorem 4].

4. An Approach for Magnus Expansion
Terms Using Rooted Trees

A. lserles and S. P. Ngrsett have
developed an alternative approach, using
planar binary rooted trees to encode the
classical Magnus expansion terms [12]. K.
Ebrahimi-Fard and D. Manchon, in their joint
work [9], used planar rooted trees to represent
the pre-Lie Magnus expansion. This encoding
of expansion terms, using planar binary
rooted trees, is defined as:

X e | X B> X s ]/ _

Hence, the pre-Lie Magnus expansion,
described in (12), can be denoted in the
shorthand as:

*For further details about the completed pre-Lie
algebra see the references [13, 1,15].
*Grossman-Larson algebra is defined in the next
section, Paragraph 4.1.



8] | )= | - = \1/+ \§ Lj y_ |-s.}l -_{iy+

and the reduction in expansion terms at the
fourth order can be described as:

(| *=—%V—%\\[q

thanks to the pre-Lie identity:

VY=V Y

The approach proposed by K. Ebrahimi-
Fard and D. Manchon is more in the line of
non-commutative  Butcher  series®.  In
following, we shall review the joint work of
K. Ebrahimi-Fard and D. Manchon, published
in [9], on finding an explicit formula, in
planar rooted tree version, for pre-Lie Magnus
expansion. Let o = B,(0;..0;) be any
(undecorated) planar rooted tree, denotef (v),
for v € V(o), by the number of outgoing
edges, i.e. the fertility of the vertex vof a. The
degree |o|of a tree here is given by the
number of its vertices. Define the linear map
Y:JIp — Kas:

y(0) = —H =1v (o)

Brw)
=[lvevo m

whereB,, are Bernoulli numbers.

..(17)

Lemma 3. For any planar rooted tree , such
that there exists v € V(z) of fertility 2n +
1,n > 0,wehave y(r) = 0.
Proof. It is immediate from the definition of y
in (17), and the fact that B,,,; = 0, for all
n > 0.
Define a subspace 7.5 of all planar rooted
trees excluding trees W|th at least one vertex
of fertility 2n + 1, with n > 0. The tree
functional F is defined recursively by:
Fle](x) = x,and F[7](x) =

e1

iV Flr] (), -, Flrd (), %) ..(18)
Where T= B+(T1 .Ty), and
re N FIn (), . .., Flrd(x), x) == Flri](x)

(Flm2 () e (- - (Flr J(x) &= x) - - -)).

Theorem 4. The pre-Lie Magnus expansion is
presented as:

°For more details about Butcher series see [6,
Section 4.1].
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...(16)

O() = Trerg VOF[FI() ..(19)

Proof. See [9, Theorem 20].

Forn = 1, the numbers of trees in Tj"",
the subset of all planar rooted trees with "1 or
even fertility" of degree n, is given by the
sequence "A049130" in [18]. Here, we give
few of first terms of this sequence:
1,1,2,4,10,26,73,211, 630, ....

We give here some examples of the
formula of pre-Lie Magnus expansion
described in (19), as follows:

Qx) = (o) F[e](x) + y(DF[L](x) + y(i)F[E]{.\') +
Y(WVIF[Y](x) + O4)

1 .
Fle](x), x) + Ir',‘_: (F[11(x), x) +

(2
=X= s (

e B(Fle](x), F[s](x), x) + O(4).

At order four, we have:
Qy(x) = Tfﬁ)F[L{ﬂ + ( I}F[ i 1(x) +
YAOFIVI) + (W) F[ )

=—[%rh‘ Fihio, »)

1
24"

+—r {F[".r']u )+

24°°

NFL1G), Flel(x), x) +

r (Fleo](x), F[](x), x))

but, thanks to pre-Lie identity, we have:
2 (FIR1G, x) = rO(FI3IG), FLal(), x) =

r(FIV(x), x) = ' (FLel(x). F[1](x), x))
then the formula Q,(x) can be reduced into
two terms, as follows:

= p I h]
Q4(x) =— Er',_._"{F[I]{.r}. x)—

%r‘f'(F[c]f.x‘}. F[1](x), x) ---(20)

—%F[i]h}— %F[ dI]f-"}-

Eight trees out of ten appear in the pre-
Lie Magnus expansion at order five, due to
the recursive nature of this expansion, which
are:
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P e

Hence:

.
Qs(x) =y(DF[11(x) +T(Y}F[ {10 +

y( E—.’}F[ L’]f.\'} + y(WVIF| '\j]{.\'} +

y&hFiihe
Using the pre-Lie identity as:

F[&I]f-r} - F[*.!l]{.r) = F[[]{r} — Fl L(]Lr}

we obtain a reduced formula of pre-Lie
Magnus expansion at order five, with seven
terms described as:

s [ I f
Qr’m_ﬁﬂ ]{.1}+EF[ J(x) +

lF[ \,I]m 4 lF[ Yioo

+ o7 (F1¥0100 + FLY ) -

Pl 10). .21

The reduced formulas at orders four and
five, described in (20), (21) respectively, are
considered as best (or optimal) formulas for
the pre-Lie Magnus expansion at these orders.

4.1 Some calculations in pre-Lie Magnus
expansion:

Let us consider the free pre-Lie algebra
PL =T with one generator = together with
the pre-Lie grafting —. Then, we can
represent pre-Lie Magnus expansion in terms
of rooted trees as in the following. We need
first to introduce the following result.

Lemma 5. For any planar rooted tree 7, we
have:

Flz](*) = ¥(7)

where Fis the function described in (18), and
¥ is defined in our work [2, Subsection 2.2].
Proof. Let 7 be any planar rooted tree with
k branches, then it can be written in a unique
way as T = B, (ty ...Tx). Using the induction
hypothesis on the number k of branches, we
have:
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F[*](*) = P(*) =+

Suppose that the hypothesis of this Lemma is

true for all planar rooted trees 7'with n —1

branches, for all n<k, ie, F[t'](*) =

Y(1"), hence:
Flrl(9) = r5(Flril(o). ... Flzel(e), 0

definition of F in (18))

= Flri)(®) = (Flr2l(®) = (-+- = (Flre](9) = #)--+))

:¢fr1j {‘I’{Tw])—) { g {‘_l’{q -}1---]}
(by the hypothe3|s above)

O\.fT;.O\.'}

(from dcﬁnilion of V)

) (by

V(1 A (- -

T=8B.11...78) = T]O {Tjo\f
This proves the Lemma.

Ao ---))

Proposition 6. The pre-Lie
expansion has the following form:
(%) = Trerg ¥ @als, s

SET
where a(s, ) are the coefficients described in
[2, Theorem 4], and y is the map defined
above in (17).
Proof. Immediate from Theorem 4 and
Lemma 5, and using the formula:
Y(1) = Xser als, 1)s,
that is introduced by [2 Theorem 4].
Now for any t €T, pl’ let e;:=W¥(r). The
planar rooted tree tis uniquely written as a
monomial expression m(e,%.)involving the
root and the left Butcher product. Then ¥(7)
is m(®, —), i.e. the same monomial expression
where the left Butcher product is replaced by
the pre-Lie grafting of (non-planar) rooted
trees. Here, we display optimal (with respect
to the number of terms) formulas of pre-Lie
Magnus expansion up to order seven:

Q]flj: .
ngi) = B] [

Magnus

.(22)

l
Q}fﬂj = B% E’I + 2—1: E“i’
Q_ﬁi) = % t’£ + BlBE ::}



Qsle) = —Bl%% el - B]g—f% eY[ + BiB; :{ +
gl . : (€, +€4,)+
lﬁev 2121 e'\c, E\y a1 S

1 1

mf_ev+9§y1+81 1(ELV-+‘1;- -
e, +e,.)
b

O 31 1 1
7(®) ﬁi’ +ﬁ3+ﬁ{€‘<{+€\r]+
i
!
, By 7 1 1

Bigr "TJF%;I +ﬁ{f’{, +§))+288§J

+%(cwg+e&yl+8?i: IY‘+€\&3-+
'rB-i
3141 IY'-H’-%;- +e\% +e )+

+e }+788

f&;‘ Y) i?ﬁ {MY
‘J‘ww
TR
B 84
+e

E‘%Q‘V A ﬂ;@ {y-
'733 ‘b 9} 192 U+%f\a“b(}
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b L
qs + ELQ. +

B]{f

1?23 \Qf 4!
iy\f- ]+Bl41 {Eﬂ'.,. +€l\}~
B By

R B
“G. Y T

—_—— fe

21 41

+e ]|+B141

+\_‘;L:]+E€_w‘.

Due to the recursive nature of the pre-Lie
Magnus expansion at the orders calculated
above, and thanks to the pre-Lie identity, we
observe that many terms e, are omitted in this
expansion, for example:

1. At order four, two terms e, out of 4 can be

removed in Q,(*), namely:
€, .. €.

T4

At order five, three terms e, out of 10 can
be removed in Q5 (#), the trees of these
omitted terms are:

Lxk

At order six, the terms of 11 out of 26 trees
can be removed in€)(*), these trees are:

AR AR TS

4. At order seven, the terms of 23 out of 73
trees can be removed in Q. (#).

N

w

Remark 7. This reduction of pre-Lie Magnus
expansion terms is not unique, for example, at
order five, we can write the formula Qs(®)
with another seven reduced terms, as follows:

. 5 3 3
(s(s) = B{B2= + B By= + B Bre

UYL
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Now, from the joint works of F. Patras
with F. Chapoton [7], and with K. Ebrahimi-
Fard[10], recall that: a (non-planar) forest
F = t,- t, is a commutative product of
(non-planar) rooted trees t;. Denote by w(F)
by the number of trees in F, which is called
the weight of a forest F, for example
w(ty -+ t,) = n. Let F be the linear span of
the set of (non-planar) forests, it forms
together with the concatenation an associative
commutative algebra. Define another product
% on F by:
(t1 tn) ¥ (b1 tpy) = Xp Fo(Fy —
ty) - (Fe = tn) ..(23)
where the sum is over all function f from
{1, ,m} to {O, ...,Tl}, and Fi: = H]E 1) t]’
The space F forms an associative non-
commutative algebra together with the
product % defined above. This algebra can be
provided with a unit element, sometimes it is
the empty tree. This unital algebra is called
the Grossman-Larson algebra and denoted by
GL := F. This algebra acts naturally on 7" by
the extending pre-Lie product —. This action
can be defined recursively by:
(FxF) » t:=F - (F - t) ...(24)
forany F,F' € GL and t is a (non-planar)
rooted tree.

By
+4—1€

Example 1. For any ¢, t,, t,(non-planar)
rooted trees, we have:
(titz) 2t =t = (t, > 1) = (t2 =
t;) =t
The Grossman-Larson algebra (GL,x) is
isomorphic to the enveloping algebra of the
underlying Lie algebra of (7,-). This
construction also works for the enveloping
algebra of any pre-Lie algebra [11]. We refer
the reader to the references [11, 7, 10], for
more details about this type of algebras and
some of its applications. Hence, the formula
of pre-Lie Magnus expansion described in
(15) can be rewritten:

Q(*) = log* (e')

n-1 *n-1
= Tpno T (e‘—1) e ..(25)

where e* = exp(®) := ano%, for F =" is
a forest of one-vertex trees with weight
w(F) =n, and % is the Grossman-Larson
product.

In fact, we study here the undecorated
case, with respect to the forests and trees, of
the joint works of F. Patras with F. Chapoton,
and with K. Ebrahimi-Fard respectively. The
decorated version has been studied in [7, 10].
Here, we calculate the few first pre-Lie
Magnus elements Q,,(*), upton = 5,
according to the formula (25) above:

Qi(e)=»

ﬂf{ )—_EI = B'l EI.
. 1 1 B;
ﬂ;[-) ?’I-I—EE’—BL €1+?€V
.r
ﬂ_ﬂ'):—li—L 1 —lI’:—r_ + BBy e

20 120 1')0 720
5.;

B]z [ Bl,)‘ziI;'F.BBWt-F

aB B?

‘21 I_} 212‘ '-{‘, QA’

Remark 8. We observe that the formula (25)
reduces the number of terms in the pre-Lie
Magnus expansion the same way as the
reduction induced by the pre-Lie identity in
formula (22). In other words, formula (25)
can be considered as a best formula for the
reduced pre-Lie Magnus expansion. It would
be interesting to have an explanation of this
striking fact.

5. A combinatorial approach for Magnus
expansion using a monomial basis for
free Lie algebra

A. Iserles and S. P. Ngrsett, in their joint
work [12], studied the differential equation:

y = a®)y,t=0,y(0) =y, €G ...(26)



Where G is a Lie group, a € Lip[R* - L],
the set of all Lipschitz functions® from R*
into £, the Lie algebra of G. By considering
the  Magnus expansion, they have
demonstrated, using a numerical method, how
to write the Magnus expansion in terms of
nested  commutators [a(ty), [a(ty), [
[a(ty-1y) a(ty)] 111 of a(t;) at different
nodes t; € [ty, to + h], where h is the time
step size. They observed that this numerical
method requires the evaluation of a large
number of these commutators, which can be
accomplished in tractable manner by
exploiting the structure of the Lie algebra.
Different strategies have been developed
to reduce the total number of commutators,
e.g. the use of so-called time symmetry
property’and the concept of a graded free Lie
algebra [16]. In their joint work [4], the three
authors S. Blanes, F. Casas, and J. Ros
proposed to apply directly the recurrence of

Magnus expansion, described in (4), in
numerical version to a Taylor series
expansion of the matrix A(t). They

reproduced the Magnus expansion terms with
a linear combination of nested commutators
involving A.

These authors pursued this strategy with
a careful analysis of the different terms of the
Magnus expansion by considering its
behavior with respect to the time-symmetry.
In the following, we review the part of their
work corresponding to their strategy of
rewriting Magnus expansion terms, as
follows: by taking advantage of the time-
symmetry property, they considered a Taylor

. h
expansion of A(t) around t1 = t, + 5 s
2

L
A®) = Zioi (£~ 1)
1dlA(®)
it dtt
corresponding terms of the component
Qi (to + h, ty) in the Magnus expansion,
where:

.27

where a; = |t 2 and computed the

®A real-valued function f is said to be a Lipschitz
function if and only if it satisfies: |f(x) —
fO)| < c|x —yl|, for all x and y, where ¢ is a
constant independent of x and y.

"For more details about this property see [4].
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Qe = R* Yagi,ieen Biy iy [A(), [A(E),
[ At ) ACe)] -] + oy

for t;, € [to,to + h]by taking into account
the linear relations among different nested
commutators due to the Jacobi identity. We
give here the calculation for the components
Q, uUp to k = 6, obtained by their code [4,

Section 3]:
1

=1+ 730+ g5+ g

Q, :_[fi’h‘?l]"‘[g_{;[‘j'l qs] + L[G’? q]) +
(44]8[=;n 9ol + 5zolan 451~ 15, 4.])

0 = (seslar (91,9511~ g5l g1, aal]) +
(]68014'1 [g1.gs]] - 22140[‘31 g2, qs11 +

o?znlq [g2. g311+ 60148[‘3‘ [q1. 9311 -
m[ch-[i}l-f?z]]]
Q4=%D][ql-[ql-[meq:]]]+(F12]0[m.[m=[m-q4]]]—
73g0.91- [91: 192 63111 + 755 1a1 [93. g1, @2 111+

11 1 .
m[fr [g1.[q1. f?‘]]]—m[fh-[m-[thb]]])

1
30240

Qs = I51?0[(}'1 1. [q1. [q1, a311] — z====la1. 1. [q2.
[g1.q21111 + 75@0”’ lq1.[q1-1g1. q2111]
Qs = %0240[‘“ [g1.1g1.[91-[g1. g21111]

where q; = a;_,h*, for i > 1, are matrices.
The set E:={q;:i€ N}jcan be
considered as a generating set of a graded free
Lie algebra, with |q;| =i[16]. In their
computations, S. Blanes, F. Casas, and J. Ros
computed the dimensions of the graded free
Lie algebra L(E)generated by the set E,
according to Munthe-Kaas and Owren's work
[16]. Also, they computed the number of
elements of the Lie algebra L(E) appearing in
the Magnus expansion, when a Taylor series

of A(t) around t=teand t = t1
2

respectively.
Here, we review some of their

computations as follows: at the order s = 4,
we have dim.,L = 7, with basis elements
91,92, 93, 94, [91, 92), [91, 93], 91, [91, G2]],

such that six of these elements appear in
Magnus expansion around t = t,, that are:

91,492, 93,94, [91,92], [q1, 93], with  two
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commutators. Whereas, three elements,
q1,93,[91,92], only appear in Magnus
expansion around t= ti, Wwith one

commutator, as it is shown azbove. For more
details about these results see [4, Section 3,
Pages 439-441].

Now, we try to introduce a combinatorial
vision of the work above, using the notion of
the monomial basis for free Lie algebra L(E),
that we obtained in our work [3]. Let PL(*)
(respectively PL(E)) be the free pre-Lie
algebra with one generator ® (respectively
generated by the set {-ai : a; € E}), together
with the grafting—>. Denote PL(®)
(respectively PL(E)) by the completion of
PL(*) (respectivelyPL(E)) with respect to
the filtration given by the degree, which are
pre-Lie algebras together with the pre-Lie

grafting. Let a = Y,cz 4, * be an element in
PL(E), that is an infinite linear combination
of the generators o ecE.

Define the map G,: PL(*) » PL(E) to
be the unique pre-Lie homomorphism that is
induced by the universal property of the
freeness of PL(e):

(o= PL(s)

\ ,
., _(Jﬂ

Fo=A
FLE)
Figure 1
such that G,(*) = a.

Lemma 9. For any (undecorated) planar
rooted tree t, we have:
Ga(¥ (D) = Lsvw- e lve v 2sw)) P (Ts)
...(28)
where ©: 75, - TF, in the right hand side, is
described in [2, Subsection 2.2] (we use the
same letter for the undecorated version from
T, onto T), and where 75 € T;fz is the tree T
decorated according to the map §.
Proof. Let 7 be any (undecorated) planar
rooted tree, we have that ¥(t) = m(», —)is a
monomial, in PL(*), of the one-vertex tree ®
multiplied (by itself) using the pre-Lie
product —. From the definition of G, above,
we get:
Go (P (1)) = Ga(m(*,~)) = m(a,~)
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...(29)

Where m(a,—)is the monomial of a, In

PL(E), induced from the monomial m(e, -)

by sending the one-vertex tree into its image
Ga(®) = a.

We proceed by induction on the number

n of vertices, the case n = 1 being obvious.

Suppose that the formula (28) is true up to

n — 1 vertices. Let T € Ty;, we have that 7

can be written in a unique way as 7 =

7, \T,, hence:
G,(Y(1)) = Go(V(r1%12))
= Go(¥(11) — V(1))

= G,(P(1))) = G,(P(ry))

- 3 (]] dw

SpEVir =g peVirg)
- Virph

F: ¥l

= Z ( [ l As) (x5), (by setting 75 =7, 1, ).

dVirl=E weVin

I I “1.'5]':1"3] 1{_’[T|,a1j - T{TM:)

veVir)

23

Lemma 10. The pre-Lie Magnus element
Q(a) in PL(E)can be represented as:

Ua) = Teerer ¥ (2) Ga(P(D)
where a = Y,z 1,* € PL(E).
Proof. From Theorem 4 and Lemma 5, we
have that:

Q) = ZTET;; y(@) P (1) ...(31)
We have that Q(*) is an element in PL(s),
and the map G,can be extended linearly from
PL(*) into PL(E), such that:

Ma) := G(Q(*)) = Yrerg ¥ (1) Go(P(0)
This proves the Lemma.

...(30)

In Lemma 9 above, let us denote

A(zs) = [lyevy As@w).- Hence, we can
simplify the formula (28) as:
Go(P(D) = Xswva)-e ¥ (Ts) P(ts) ...(32)

Consequently, we can get the following
result.

Proposition 11. The pre-Lie Magnus
expansion can be rewritten:
Q(a) = ZGETpEiel y(0) A(0)¥(0) ...(33)

for any o € T,;°". Here y : T,f - Kdefined
as in (17), forgetting the decoration.
Proof. From Lemma 10, and by substituting
G,(¥(1)) obtained in (32), we get:



Qa) =% rerst ¥ (@) A(z5)P(z5)
85:V(t)~>E _
= ZGET;}%& y(0) A(0)¥ (o)

This proves the Proposition.

Remark 12. The formula for the pre-Lie
Magnus expansion in (33) can be considered
as a generalization of the formula (19). In
other words, it is a decorated version of (19),
taking into account the relation between the
maps F and ¥ described in Lemma 5.

The pre-Lie homomorphism:

@ : (PL(E),-) — (L(E),>)
described in our work [3, Section 4], respects
the degree, it is then continuous for the
topologies defined by the corresponding
decreasing filtrations®. We denote by the same
letter & the pre-Lie homomorphism from the
completed pre-Lie algebra PL(E) onto L(E):

PL(E) —— PL(E)

iy \(

L(E)——= L(E)
Figure 2
We can get another representation of pre-
Lie Magnus expansion, as in the following
result.

@

Corollary 13. The pre-Lie Magnus expansion
in £L(E) can be rewritten as:
QA(x) = ZGETpsl,el y(o) A(0)DP(¥(0)) ...(34)
where x = ®(a) = Y,cpgl. e € L(E), for
e =o()€E.

As a particular case, let us take E =
L;enE;wWith# E; = 1,foralli €N, i.e,
E ={a; : i € N}, such that |q;| = i, and the
generators are ordered by:
A <ay < <ag <o

For any o€ T, ®W(0)) is an
element inL(E). From our work in [3, Section
6], we have that the set B= {d(t): t €
0 (1)} forms a monomial basis for the pre-Lie
algebra (L(E),>) (respectively for the free

*These topologies are induced by metrics
defined on pre-Lie algebra using compatible
decreasing filtrations described in [13, 1, 15].
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Lie algebra ( L(E),[-,'])), where the pre-Lie
product = is defined by:
1

x>y = —[x,y](35)
for x,y € L(E), hence:
® (P(0)) = ay®(ty) + A, ®(t;) + - +
_ _ a®(ty) _
is a linear combination of basis elements
®(t;),t; € O(I), multiplied by coefficients
a; €K, for all i =1,..,k, where I is the
(two-sided) ideal of TE generated by all
elements on the form:

Is|(s > t)+ |t|(t — s),fors,teTE

Thus, the pre-Lie Magnus expansion in
(34) can be expressed using the monomial
basis elements ®(t), for t € O(I). Here, we
calculate the few first reduced pre-Lie
Magnus elements Q,(x) in L(E), up to
n=>5:
Qi(x) = a.
ngﬁ.‘j = Azaz.

Qs(x) = Ayaz — Bilidzay > az.

- 2 '\] 7
Qu(x) = Adgas + Blirhi; a) &z + B[Ezl[ﬂg (ag =
ar) = ay.

. 3 1
Qs(x) = Asas + Bl[zfl];hul Bag+=bliam
3
5, .,
B> ay) + 813(1[&1 (aq = az) = ay +

11
+ B%E‘HJ’IE ((aq & az) = ay) = ay,

1

and using @, > a; =

Qi(x) = dai.
ng.\'} = daaz.
Qs(x) = Azaz — Bf;h,lg [a;. as].

la;, a;], for all i, j, we get:

) 2 51

Q_;f\'} = Agay + BLEA];I; I_L'!'l. fJ’;] + BIE{]T‘J;IE [[fl’] .
as],a].

) 3 1

Qsl(x) = Asas + Bl[zrlj.»h lap, as] + Eeljfl_q [az,

5 ,
az]) + By=—=Ai A3 [[ay, a1]. a1] +
36

B?%i‘?&; [[lay,az2], ar], aq].
Here, we link between our work in [3,
Section 4], on the pre-Lie construction of the

Lie algebras, and the work of S. Blanes, F.
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Casas and J. Ros [4], on the writing of
Magnus expansion. Firstly, we shall consider
the generators {g; : i > 1}, of the Lie algebra
L(E)in their work, as matrix-valued functions
in h. Define a pre-Lie product on the set of
formal power series hIR[[h]] by:

(f > D)= [} P2ds, 9] ...(36)
forany f, g € hR[[R]].

This pre-Lie product described in (36) can be
visualized as in the following diagram:

hR[[h]] ® hR[[h]] —= KR[[A]]

*g*l Tﬁ
R[[A]] ® R[[h]] —— RI[A]]
Figure 3: The description of >
where f & g(h) = [f; f(s)ds, g(h)]. Hence,
for q;(h) = a;_1h',q;(h) = a;_{h’ any two
generators of L(E), we can apply the pre-Lie
product defined above in (36) as follows:

(= ap() = [f, L2ds, q;(h)]
[ a;- 1f s ds, q;(h)]
=ﬁ@1h%mn
= l[quq,](h)
where |q;| =i, for i > 1. Simply, we shall
write q; & q; = Iql [qi,q;], forall i,j = 1. In

following, we rewrite the calculations of the
three authors for the components Q; up to
k =6, using the pre-Lie product defined
above:

. |
ST RB TRt T IR

-1 -1 1
0 =l qu)+[8D{ql > qs) + 55(42 >

——(g2 > g5) —

. 1 1
B qs)) + {m(f}l B> ge) + —== 120

1
- m(i} B f}"ﬂ]

1
[\?60 — (g2 > (g1 [:»qq)]l]

Qs = 120

(g1 (g1 g3)) —

1 1
LIE»SUWL = (g1 = gs)) — T 0[(}1 (g2 >

1 1
[= (}4}}+ ]680“}'* > llf]'_ f]"_%” + m

. . 1 \
(g3t (g1 = q3)) — mf@ > (g1 & g2))) .
1

1
Q-l - ﬁf‘?l (g & ‘\fﬁ f]'}”) (qu‘[

(g1 > (g1 >q4)) - %(m > (g (g2

(g1 > (g1 >q4) - (15 (g1 (2>

3780

1
T VY]
-1

Qs = =0 > @ > (g1 > (q1,q3))) —

1
]5]20{4'1 (g (g2 (g1 = g2)))) +

1
3730 (@27 (g1 > (g1 (g1 >g2)))

Qe = 1{]“)110“‘?] B (g = (g1 = (g1 = (g1 > g2))))
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