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Abstract

In this work, we have studied a class of nonlinear Riccati differential equation which is used as
mathematical models in many physically significant fields and applied science. The homotopy
perturbation method, has been modified for solving generalized linear and nonlinear Riccati
differential equation, which is a second-order ordinary differential equation. Also, we have tested
the modified homotopy perturbation method on the solving of different implementations which are
show the efficiency and accuracy of the proposed method. The approximated solutions are agreed
well with analytical solutions for the tested problems. [DOI: 10.22401/ANJS.00.2.13]
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1. Introduction

The most important mathematical models
for physical phenomena is the differential
equation. Motion of objects, Fluid and heat
flow, bending and cracking of materials,
vibrations, chemical reactions and nuclear
reactions are all modeled by systems of
differential equations. Moreover, numerous
mathematical models in science and
engineering are expressed in terms of

unknown quantities and their derivatives.
Many applications of differential equations
(DEs), particularly ODEs of different orders,
can be found in the mathematical modeling of
real life problems (Mechee et al. (2014)).
Riccati differential equation is the famous
first-order nonlinear differential equation with
quadratic nonlinearity. Obviously, this was
the reason that as soon as Newton invented
differential equations, Riccati differential
equation was the first one to be investigated
extensively since the end of the 17th century.
Some of the properties of Riccati differential
equation which have been studied, are in the
frame of local theory of differential equations.
The homotopy perturbation method (HPM) is
efficient technique to find the approximate
solutions for ordinary and partial differential
equations which describe different fields of
science, physical phenomena, engineering,
mechanics, and so on. HPM was proposed by
Ji-Huan He in 1999 for solving linear and
nonlinear differential equations and integral
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equations. Many researchers used HPM to
approximate the solutions of differential
equations and integral equations (Yildirim
(2010), Jalaal et al. (2010) & Ma et al.
(2008)).

Many researchers published some papers
in solving some classes differential equations
using HPM. For example, Chun & Sakthivel
(2010) used HPM for solving a linear and
non-linear second-order two-point boundary
value problems while Gilkag (2010) was
solved the Black-Scholes equation for a
simple European option in this method to
obtain a new efficient recurrent relation to
solve Black-Scholes equation.

Moreover, numerous researches used
HPM for solving nonlinear differential
equations, Vahidi et al. (2011) was solved
non-linear DEs, which yields the Maclaurin
series of the exact solution, Chang & Liou
(2006) developed a third-order explicit
approximation to find the roots of the
dispersion relation for water waves that
propagate over dissipative media, Zhou &Wu
(2012) solved the non-linear PB equation
describing spherical and planar colloidal
particles immersed in an arbitrary valence and
mixed electrolyte solution, Ozis, & Akc1
(2011) solved certain non-linear, non-smooth
oscillators, Yazdi (2013) solved nonlinear
vibration analysis of functionally graded plate
while He & Huan (2004) applied HPM for
solving nonlinear oscillators with
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discontinuities, nonlinear Duffing equation
and some nonlinear ODEs. For class of linear
partial differential equations, Al-Saif &
Abood (2011) solved the Kortewegde Vries
(KdV) equation and convergence study of
HPM, Babolian et al. (2009) used HPM to
solve time-dependent differential equations,
Aswhad & Jaddoa (2016) solved advection
Prob- lem, vibrating beam equation linear and
nonlinear PDEs and the system of nonlinear
PDEs and Babolian et al. (2009) used HPM to
solve time-dependent differential. Also, many
researchers used HPM for solving the class of
non-linear PDEs, Yazdi (2013) was
approximated solution for free nonlinear
vibration of thin rectangular laminated FGM
plates, Liao (2004) has solved nonlinear
PDEs, Yildirim (2009) was used to implement
the nonlinear Korteweg-de Vries equation, Md
Nasrudin et al. (2014) combined HPM-Padé
approximant to acquire the approximate
analytical solution of the KdV equation,
Taghipour (2010) solved Parabolic equations
and Periodic equation linear and nonlinear
PDEs, Janalizadeh et al. (2008) obtained the
solution of a second-order non-linear wave
equation, Fereidoon et al. (2011) utilized to
derive approximate explicit analytical solution
for the nonlinear foam drainage equation,
Momani & Odibat (2007) modified the
algorithm  which  provides approximate
solutions in the form of convergent series with
easily computable components, Babolian et
al. (2009) solved time-dependent differential
equations while He (2000), solved non-linear
problems using the homotopy technique.
However, for the system of DEs, Bataineh et
al. (2009) solved systems of second-order
BVPs, Javidi (2009) solved SEIR model,
Wang & Song (2007) solution of a model for
HIV infection of CD4 + T cells, Rafei et al.
(2007) solution of the system of nonlinear
ordinary differential equations governing on
the problem, Noor et al. (2013) solved the
system of linear equations. Noor & Mohyud-
Din (2008) solution of linear and non-linear
sixth-order boundary value problems and
system of differential equations, Javidi (2009)
solved system of linear Fredholm integral
equations (LFIES). Yusufoglu (2009) has
solved a linear Fredholm type integro-
differential equations with separable kernel.
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Javidi (2009) solved non-linear Fredholm
integral  equations,  Saberi-Nadjafi &
Tamamgar (2008) used modified HPM for
solving the system linear and nonlinear of
Volterra integral equations, Kumar et al.
(2011) solved generalized Abel integral
equation. For the differential equations of
fractional type, Odibat & Momani (2008)
solved nonlinear differential equations of
fractional order, Jafari et al. (2010) solved
non- linear problems of fractional Riccati
differential equation & Yildirim & Agirseven
(2009) solved the space-time fractional
advection-dispersion equation. Lastly, some
researchers published papers for solving
Ricatti equation, File & Aga (2016)
introduced the classical fourth order Runge-
Kutta method (RK4) for solving the
numerical solution of the quadratic Riccati
differential equations. Abbasbandy (2007)
solved the quadratic Riccati differential
equation by He’s variational iteration method
with considering Adomian’s polynomials.
Recently, we have studied approximated
solutions of a wide class of nonlinear Riccati
differential equation which is wused as
mathematical models in many physically
significant fields and applied science. The
approximated solutions of this class of
differential equations have studied using
modified HPM. The proposed method applied
for solving different examples for this class of
ordinary differential equations (ODEs). A
comparison was made between the analytical
and approximated solutions for different
tested problems which showed the proposed
method is more efficient in the iterations
complexity and high accurate in the absolute
errors. It has been highlighted that the use of
modified HPM is more suitable to
approximate the solutions of general Liénard
and Duffing differential equations with
considering the general coefficients functions.

2. Preliminaries

In this paper, we consider the Riccati
differential equation as follow (File & Aga
(2016), Ghomanjani & Khorram (2015)):
Y'(t)= Qo+ OYO+aMY* (W), tr<t<t....(1)
with initial condition:
y(to) = a ..(2)
where qy(t), g;(t) and q,(t) are continuous
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functions and t,, te and o are an arbitrary
constants. If gy(t) = 0 the equation reduces to
a Bernoulli equation, while if g,(t) = 0 the
equation becomes first-order linear ODE. The
Riccati differential equation is named after
the Italian nobleman Count Jacopo Francesco
Riccati (1676-1754). The fundamental
theories of Riccati differential equation, with
applications to random processes, optimal
control, and diffusion problems. Besides
important engineering science applications
that today are considered classical, such as
stochastic realization theory, optimal control,
robust stabilization, and network synthesis,
the newer applications include such areas as
financial mathematics, the solution of this
equation can be reached using HPM to solve
the nonlinear Riccati in an analytic form.
Also, Riccati differential equation is an
important equation in the optimal control
literature. Solution of this equation can be
obtained using classical numerical method as
Runge-Kutta method or the forward Euler
method  (Batiha  (2015),  Abbasbandy
(2006b)).

2.1 Homotopy Perturbation Method:

In this section, we present a brief
description of the HPM, to illustrate the basic
ideas of this method, we consider the
following differential equation (Neamaty &
Darzi (2010), Chun & Sakthivel (2010),
Batiha (2015) & Abbasbandy (2006b)):

A(u)—f(t)=0,1 € 0Q ...(3)

with boundary conditions:

B(u,a—”j,rem e
ot

where A is general differential operator, B is a
boundary operator, f(t) a known analytic
function and 0Q is the boundary of the
domain Q. The operator A can be generally
divided into two parts of L and N where L is
linear part, while N is the nonlinear part in the
differential equations. Therefore Eq.(3) can be
rewritten as follows (He (1999)):
L(u) + N(u) —f(r) =0 ..(5)
By using homotopy technique, one can
construct a homotopy V(t,p):Q2x[0,1] — R,
which satisfies:
H(v,p) = (1-p)[L(v) — L(up)] + p[L(v) +

N(v) —f(r)] =0 ...(6)
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or
H(v,p) = L(v) — L(uo) + pL(uo + P[N(V) —

f(x)])=0 ...(7)
where p [0, 1], 1Q & p is called homotopy
parameter and u, is an initial approximation
for the solution of equation (3) which satisfies
the boundary conditions obviously, Using
equation (6) or (7), we have the following
equation:

H(v,0)= L(v)—L(u0)=0 ...(8)
and
H(v,1) = L(v) + N(v)—f(x) =0 ...(9)

Assume that the solution of (6) or (7) can be
expressed as a series in p as follows:
V = VgV, +pvtpiugt

= X% o0y, ...(10)
set p = 1, resulting the approximate solution
of (3). Consequently:

u(t) = limVv
p—1
=V0+V2+V3+,_,
=Xiov; ..(1D)
It is worth to note that the major
advantage of He’s method is that the
perturbation equation can be freely

constructed in many ways and approximation
can also be freely selected.

3. Analysis of the HPM for Solving Riccati
Differential Equation
In this section, we will present a review
of the HPM to solve Riccati differential
equations, we consider the following equation
(File & Aga (2016)):

y'(t) = do(t) + A (B)y() + A (OY?(2) ...(12)
with initial condition:
y(to) = a ...(13)

where t, <t <t y(t) € R and a is an arbitrary
constant.

The implementation of the proposed
modified HPM for solving Riccati differential
Equation (12) according the following
algorithm:

3.1 The Proposed Method:
Firstly, we start
approximation y,(t) = a.
Secondly, we can construct a homotopy
for the second-order ODE (12) as follows:

with the initial



H(y(1).p) = (1-p) (Y'()-y'o(®) + p(y'(t) — qo(t)
— G (OY() ~ Gy () =0...(14)
Thirdly, using Taylor expansion about t =
0, by substituting the Taylor expansions for
the coefficients functions. However:
HY@®).p) = (IP)(ZiZo p'y i(t) -
Yo (D) +p(Eizo Py i(t) —
qo (D9 OXZo p'yi (1)
LMOZZopyi(t) =0 .. (15)
Fourthly, suppose that the solution of
equation (15) is in the form:
PY: Yo (t)—Yo(t) =0 ..(17)
P ¥ (0 +o()-0o ()0 (V)Yo (D—q2()¥5 (1)
=0
P2 Y2(0)-0:(0)y: (-2 2ys(D)y2(1) = 0,
P 1 y3(1)-01 ()Y () -0 Yoy (D+¥5 (1))

=0,
P*: Ya(t)—=01 (1)ys () - (1) 2y (t)ys (1) +2y4 (1)
y2()) =0,

P°: Y5 () =01 (DY4 (1) —02(1) (2o 1)y () +2y4 (1)
Ya(t)+¥5(t) =0
Hence, forn=2, 3, 4,...; we have:
P Y (O-u(t) Yn1 (1) — 02 (1)
P20 yi (O)yn_i—1(t) =0
Finally, using the equations (17) with
some simplifications, we get the following
terms of the solution:
Yo(t) =«
yi®) = (=50 +qo(® +
q1 (Yo (t) + g2 (D)y5 (£))dt
y2(t) =
J(@1®y1(®) — 2 (D) Ryo )y, (1)) dt
y3(t) =
[ICAGIACE
42 () (2yo Dy, (@)) + ¥§(1) dt
Va(t) =
J (@ ®ys @) +
72 () (2yo (D ys () +
2y, Dy, () dt
and
ys(®) = [(q2(1) 2y, (O ya(t) +
2y: () (ys () + y&(t) dt
Hence, the general term has the following
form:
Yn(0) = S (A1(D)Yn-1(1) + (1)
o Vi)Yo (0)dt,n=2,3,...
Then the solution of equation (12) is:
YO = Yo +Y1(0)+Y2(0 +ys(O +Y, () +...
...(19)
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4. Implementations

In order to assess the accuracy of the
solving generalized Riccati differential
equation by HPM we will introduce some
different examples in general and to compare
the approximated solution with the exact
solutions for these problems, we will consider
the following five problems.

4.1 Problem 1:

Consider the following ODE
(Ghomanjani & Khorram (2015)):
Y-y +y3(t)=0,0<t<1 ...(20)

subject to the initial condition:

y(0) =2
with the exact solution:

1
y(t) - cet+1

Comparing equation (20), we have gy(t) = 0,

() =1, and g,(t) = 1
The initial approximation has the form
Yo(t) = A substituting (18) into (20), we have:
y1(t) = [ (Yo (®) — o (t) + ¥§(©))dt...(21)
=A(A— Dt
and
yn(t) = f(_Yn—l(t) +
o Yiy,_;_,(®)dt , ...(22)
for k = 2, 3, ... . So, simplification of
equation (22) lends to the following solutions:
Yalt) = A (2A-1)(A-1),
Ya(®) = (52" 45 G
Ya(t) = A" (2A-1)(A-1)(41°-8% + 1),
Ys(t) = —-AP(A- 1)(240" — 961° + 947 —
260+ 1),
Yo(t) = —At® (A-1)(A-1)(240" + 241° —

56A° + 41+1)
Then, the general solution of equation (20) is
written as follows:

Y(1) = Yo(t) + yi(t) + yo(t) + ya(t) + ya(t) +
ys(t) +ye(t) + ...
= W+ A(A— Dt +§m2(2x— (1) +
1,4, 1,2 1 1 4
(—57\. +57\, —Ekt) Z}\,t (27\.—1) (7\.—1)
(4x2—8x+1)—Eloxt5(x—1)(24x4—
96).°+941°-26A+1)+—[1At°(2A~1)
(A—1) (240 424035602 +40+1)+ ...
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Figure 1: Comparison of proposed HPM
and exact solutions of Problem 1 at
c=2,A=1

4.2 Problem 2:

Consider the following nonlinear first-
order ODE (Abbasbandy (2007), Abbasbandy
(2006a) & Abbasbandy(2006b)):

v =1+2yt) —y3(t), -1<t<1 ..23)
subject to the initial condition:

y(0) = o

with the exact solution:

y(t) = 1+ V2tanh (V2¢ + %In(%)
Comparing equation (23) we have

Qo) =1, gs(t) =2 & gy(t) = -1
The initial approximation has the form

Yo(b) = o ..(24)
substituting (18) into (23), we have

yi®)=[(=Yo(t) + 1 + 2y, () — y5(t))dt

..(25)
= (—a’ + 2a+ Dt
and
yn(t):f(zyn—l(t) 2?2—01 yiyn_i—l(t))dt
...(26)

for k =2, 3, ... So, simplification of equation
(26) lends to the following solutions:

ya(t) = *(a—1)(a*—2a-1)

Ya(t) = — 2t°(3c®~60+1)(a’~2a-1)

Ya(t) = 2t*(0—1)(30°~60~1) (a”~201-1)

Ys(t) = —t*(a’*~20-1)(150"~600*+600°~7)

Vo) = —-t*(0—1)(e’~20-1)(450*~1800°+
15002+600—7)

yi(t) = —=t'(o - 20— 1)(3150° — 18900° +

36750% — 21000 — 6510 + 4620+
53),

Ya(t) = ——t*(a—1)(0*~20-1)(3150:°~18900°+
34650"~21600°~13230%)+1260+71)

Hence, the general solution of equation (23) is
given as follow:

y(t) = Yo(t) + ya(t) + ya(t) + ya(t) + ya(t) +
Ys(t) +ye(t) +y7(t) +yg(t) +...

= ot (—o?+ 20+ D)t + t?(a— 1)(o® — 20— 1) —
(30” — 6o+ 1)(o - 20— 1000
(o-1)
(30*-60-1)(0*~20-1)—t*(a’~2a-1)
(150c4—600t3+600c2—7)+%'[6 (a-1)
(0*~20-1)(450*-1800>+1500°+600—7) —
3—15t7(a2—1)(315a6—1890a5+3675a4—2100
o’-6510%+ 4620+ 53) +—tS(a-1)(c’

—20-1)(3150°-18900°+34650."~21600.°~
13230%+126a+71). ..

-1 -0.5 0.5 1

| Curve: Exact — Curve: [{IPM |

Figure 2: Comparison of proposed HPM
and exact solutions of Problem2 at o = 0.

4.3 Problem 3:
Consider the following ODE:(File & Aga



(2016))(Ghomanjani & Khorram (2015))
u(t) = e'—e>+2e?u(t)—e'u?(t), -5st<—1 ...(27)
subject to the initial condition u(0)=a, with
the exact solution u(t) = e".

Comparing equation (27), we have:

Golt) = e'-e, q,(t)=2¢%" and g (1) = ¢!

The initial approximation has the form uy(t) =
et Substituting (18) into (27), we have:

Uy ()= (—1iy(t) + et — e3t 4

2e2ty, (1)-etud(t))dt

t_ 13t 02t _ 524t

=e —cev tae ...(28)

and

un(t) = f(zeﬂyn—l(t) -
et Y u(Ouy—_i—1(t))dt, k=2,3...
...(29)

So, simplification of equation (29) leads to
the following solutions:
Uy(t) = g e3t—135e5t +§ae4t —§a2e3t— aellyg3e2t
Ug(t) = %= 22 o7t 4 225661 _ 2252651 _

15 315 45 15

1?1 aett + 1?3 T

Uy(t) = — 18—5e5_’t +g e’t. %egt +§ae

121 41 7
D21aeBt 4 2120t o3 e 4ty I g5 gt 4
90 15 6

8 179 32 2 5 4
—aedt+ =28 ef — 2552 et — 254 %t
35 90 35 6

4 5t 136 _7t +124- ot 544 11t+

€
15 315 945 51975
t_ 825t 20

68 191
Zae®— 3% ae'— ——a%e% +
45 5 21

304 _2 7t, 138 _4 5t

45
544 544 -
~——a’e"'+ —a'e™ +——ae'"'— ——a’e™
105 15 4725

ae +
7 945
104 128 2 6

3a8t_ 128,471, 25.5.6t_ 66,5
63 45 9 5

Therefore, general solution of equation
(27) is written, as follows:

Y(©)=Yo(D)+y1(D)+y (D) +ys () +y,(t)+ys(D)+...
__ le3t+et+ gaESt_ £e7t+ 20 ot 22
3 3 189 315

105
544 2 1

ollt _ o201, 252,30, 0302t 1o aty
g‘%975 1 1 > 4 3
59,61 205t 13t Aoanst,

90~ 3 6 3

7 7 8
7 5aM_pa3aity T aBatty B g8ty
279 32007 745 76
179 306t 32,27t 7 4.5t 76
0 435 L 3, 108 90
eBly. 208.2,7t, 1oa 5t 544 10544 2 ot
oy 1057 5T T 472577 945

1

104 3.8t 128 4.7t, 2556t 6,655t

63 45 9 5

4t_

o

Us(t) =

gt 203 3
——a
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Figure 3: Comparison of proposed HPM
and exact solutions of Problem3 at ¢ = 2,
A=1landa=0.5.

4.4 Problem 4:

Consider the following ODE:(File & Aga
(2016), Ghomanjani & Khorram (2015))
y/(=16t2-5+8ty(H)+y2(t), —0.5<t<l  ...(30)
subject to the initial condition y(0)=1 with the
analytic solution:

4ce ?t—4)t4+ce 2t-1
y(t) - ( ce‘)Zt—l
Comparing equation(30), we have qy(t) = 16t2
-5, q,(t) =8t and g,(t) = 1.

The initial approximation has the form
Yo(t) = 1. Substituting (18) into (30), we have:

Y1 (0)=] (-o(t) +16t2-5+8tyo (1) +yZ (V)
= 20440 - 4t ...(31)
and
V() = [ Btyn 1(D+X50 YiVn_i_1 (D))dt;
k=2,3,... ...(32)
So, simplification of equation (32) lends to
the following solutions:

Yalt) ==t + 2t*-8t*-4t
Ya(t) = 2247+ 10896 _2085_20¢t 4 2
315 45 15 3

Then, the general solution of equation (30) is

written as follow:

Y(1) = Yo(t) + y1(t) + ya(t) + y5(t) + ya(t) +
ys(t) + ys(t)+...

28 16 4352 1088
= 1Attt +——

315 45

t+ ..



Special Issus: 1%t Scientific International Conference, College of Science, Al-Nahrain University, 21-22/11/2017, Part 11, pp.87-96

20
15
10
5
0.5 0 T~ S 1
t
| Curve: 4 . § — Curve: HPM|

Figure 4: Comparison of proposed HPM
and exact solutions of Problem4 at c = 2,
A =14, and c=8.

4.5 Problem 5:

Consider the following ODE:
y/(t) = t2+y2(t)-1, -4 <t <4
subject to the initial condition y(0) =
Comparing equation (33), we have:
Qolt) = 12 —1, ;1) = 0 and ,(t) = 1
The initial approximation has the form, y,(t) =
.

...(33)

Substituting (18) into (33), we have:
Va(t)= [ (Yo(®) 21+ yd))dt

= L+’ Dt ...(34)
and

Vo) = ([ I iy, 1 (0)dtk=2,3,...

...(35)
So, simplification of equation (35) lends to
the following solutions:

o(t) = zotH+(03-0)t?
2
O e e

_1 8,07 319 6, ~5 3
y4(t)—56(ot +(30co 90co)'[ +( HZw>+

— 2 gy (82389 4 4
y5(t) 2079t + (3150) 2835) (150)
102 + )t7+(0) 20+ Zw? - i)t5
352 T 15 15
ye(t) =

53 15, 1 42471 2_ 34859,,10
332610¢ 2'124740”0( 10 10 Jt

0(374220"-58806w>+21582)t
124740

93

©(1247400°-9w*+2134440% -
124720

47124)t°
Consequently, the general solution of
equation ODE (33) is written as follow:

Y(®) = Yo(t) + ya(D) + ya(t) + ys(t) + yu(t) +
ys(t) + ys(t) +...

1
= oo+§t3+(032—1)t
1 1 1 2
ot Ho -0t +—t"+ (Zo'—)t°+
4 1 1 7 19
4 4 1 3+—0)t8+(—u)3—— 6
3 3 56 30 90

8
(— —03 4= m)t + 2t (o
315

2079
38 9 4 4 104 5 22
—)t+H( =0 —o +— )t +
2835 315

15 315
6 4 17 2 2,.5
(0" =20 +—o"——)t"+
; 15 15 :
3 12, 1 42471 5 34859, 10
ot 4 o( ® )t
33264 124740 ° 10 10

+ (374220 -58806w°+21582)t
124740
8y o(1247400°-290" +

124740

(03

21344402 — 47124)t° +

10000
8000
6000
4000

2000

|— Curve: HPM] —— Curve: f /PM2|

Figure5: Comparison of proposed
hereditary property m and exact solutions
of Problem5at ®=0.9and w = 1.

5. Discussion and Conclusion

In this paper, HPM, has been modified
for solving generalized linear & nonlinear
Riccati differential equation. The
approximated solution of a class of nonlinear
Riccati differential equation has been studied.
Also, we have tested the modified HPM on
the solving of different implementations
which are show the efficiency and accuracy of



the proposed method. The approximated
solutions are agree well with analytical
solutions for the tested problems Moreover,
the approximated solutions using the
proposed method proved to be more accurate.
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