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Abstract

Let R be a ring with non-zero identity and let M be a right R-module. This paper study the
concept of s-quasi-injectivity. Some properties of this concept are investigated and some conditions
has been given for s-quasi-injective R-modules to be injective or quasi-injective. Some conditions
stated for submodules with this property to be s-quasi-injective.
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Introduction and Definitions
The concept of s-quasi-injectivity was

introduced by SA. Al-Saadi in [1]. A
submodule N of an R-modul M is called stable
if for each R-homomorphism f:N® M implies
f(N)I N. An R-module M is called fully
stable in case every submodule of M is stable
[2]. An R-module M is cdlled s-quasi-injective
if for each stable submodule N of M, each
R-homomorphism from N into M can be
extended to an R-endomorphism of M. He
related this concept with the extended
modules. In our work we gives some
characterization for this concept and
generalized some properties of quas-
injectivity to s-quasi-injectivity and give s
ome conditions under which these concepts
be coincides. We show that these concepts are
equivalent in case that the R-module is fully
sable. Also we proved that an s-quasi-
injective R-module M with JSMI M is
injective if there is an s-ess-epimorphism from
M onto its injective envelope. We define a
kind of subset of the ring of endomorphism of
the injective envelope of an R-module and we
give a characterization of s-quasi-injectivity in
term of it. If M is an R-module we write
anng(M) ={rl R | rm=0, "ml M } and we
write anny(R)={ml M | rm=0," rl R} .[3]

Lastly through thiswork, all rings are with 1
and all modules are unitary R-modules.

(1) Definition:

An R-module M is said to be s-quasi-
injective if each R-homomorphism of any
stable submodule N of M into M can be
extended to an R-endomorphism of M.[1]
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(2) Examples and Remarks:

(Q)Every quasi-injective R-module(and hence
injective) is s-quasi-injective .

(b) Infinite cyclic groups are S-quasi-injective
for,

Le G =<a> bean infinite cyclic group

generated by a and N be any stable subgroup

of G, then N =<b> for some bl N. For each

Z-homomorphism f: N® G and since N is

stable, then f(N)I N and hence f(b)=nb for

some nl Z. Now define g: G® G by g(x)=nx

" xI G. Itisclear that g isan extension of f.

In particular Z as Z-module is s-quas-
injective while is not quasi-injective, since:

Assume that Z is quasi-injective Z-module
and let f:2Z® Z be the Z-homomorphism
defined by f(2n)=n for each nl Z. Then there
is an endomorphism g: Z® Z such that g
extendsf (i.e. g2z =f) thus
n=f(2n)=g(2n)=2n g(1) and hence g(1)=1/2
which is a contradiction. Therefore Z is not a
guasi-injective Z-module.

We start our result by the following
proposition which give us the relationship
between the s-quasi-injective R-modules and
the s-quasi-injective R/I-modules, where | is
anideal of R.

(3)Proposition:

Let M be an R-module and | be an ideal of
R, if M is s-quasi-injective R/I-module then M
is s-quasi-injective R-module. Conversdly, if

M is s-quasi-injective R-module such that
Il ang(M), then M is s-quas-injective
R/I-module.

Proof:

The relation (r+I)m=rm for each ml M
and rl R is used in each case to define M
as a module over R or over R/l where M is



s-quas-injective R/I-module or R-module
(respectively). Let N be any stable
R-submodule of M (respectivey R/I-
submodule) and :N® M be any R-homomor-
phism (respectively R/I-homomorphism), then
N is an R/l-submodule (respectively
R-module) and f is an R/I-homomorphism
(respectively R-homomorphism). Since M is
s-quas-injective  R/I-module  (respectively
R-module), then there exist an extension in
both cases, thus M is squas-injective
R-module (respectively R/I-module).m

Next we will give a characterization of
s-quasi-injectivity. First we need the following
definition.

(4) Definition:

Let M be an R-module and N be any stable
submodule of M, then N is sad to be
complement stable (com-stable) if N have a
stable complement in M. M is caled fully
complement stable (fully com-stable) in case
each stable submodule of M is com-stable.

(5) Examples and Remarks:

(&) Each fully stable R-module is fully com-
stable.

(b) An R-module M is called cl-fully stable if
each closed submodule of M is stable.[2]

(c) The converse of (@) is not true in general
snce any cl-fully stable is a fully com-
stable but it isnot fully stable [2].

(d) the complement of a submodule is not
unique in genera, but it is unique for the
stable submodules.[2]

A submodule N of an R-module M is
caled essential in case N have non-zero
intersection with each non-zero submodule of
M.[3]

The following proposition give as a
relationship between the essential submodules
and complement submodules.

(6) Proposition:

Let N be a submodule of an R-module M,
if K is the complement of N in M then NA K
is essential in M.m [4]

Now we are ready to state our result which
is a characterization of s-quasi-injectivity.
(7) Theorem:

Let M be a fully com-stable R-module.
Then M is s-quasi-injective if and only if for
each essential stable submodule N of M, each
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R-homomorphism of N into M can be
extended to an endomorphism of M.

Proof:

Let N be any stable submodule of M and
f:N® M be any R-homomorphism of N into
M. Assume that K is the complement of N
in M, then K is stable (snce M is fully
com-stable) and NA K is stable submodule of
M [2] and essentid in M (by above
proposition), moreover f can be extended to an
R-endomorphism g of NAK by putting
0(K)=(0). Therefore by hypothesis there is an
R-endomorphism h of M which is an extension
of g and hence of h. The converseistrivia.m

Johnson and Wong show that an R-module
M is quasi-injective if and only if M is
invariant under every endomorphism of its
injective envelope. Next we give a
characterization of s-quas-injectivity in term
of gpecial kind of endomorphism of the
injective envelope.

First we need to define the following

(8) Definition:

Let M be an R-module and E(M) be its
injective envelope, an R-endomorphism
o | Endr(E(M)) is said to be stable-essential
endomorphism simply (s-ess-endomorphism)
if there exist a stable essential submodule N of
M such that N isinvariant under o .

FixedT={ o | Endr(E(M)) | & (N)1 N}
where Endg(E(M)) is the endomorphism ring
of the injective envelope of M.

Note that if S= Endsr(E(M)), then the
Jacobson radical of Sis:

XS ={oal S|ker(a) is essentid submodule
of E(M) } [4].

To show that XS) I T, let ol XS
then ker(or ) C M is an essential submodule of
M. Furthermore, o ( ker(x)CM) = 0 |
ker(a) C M, whichimpliesthat o 1 T.

Now, we can give our characterization of
s-quasi injectivity.

(9) Theorem:

Let M be a fully com-stable R-module,
E(M) be its injective envelope and
S= Endr(E(M)). Then M is s-quas injective
and JS)MI M if and only if M is invariant
under T.
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Proof:

Suppose that M is invariant under T (i.e
TMI1 M), since JS) | T as we show above,
we have JS)MI1 M. By theorem (7) it is
sufficient to prove this direction on the
essential submodules. Let N be any stable
essentidl submodule of M and f any
R-homomorphism, f:N® M. Injectivity of
E(M) implies that there exist an
R-homomorphism h:E(M)® E(M) such that
h(N) = f(N)I N, hence hl T, so h(M)I M,
thus h|w:M® M is an extenson of f and
hence M is s-quasi-injective.

Conversdly, let fl T then there exist a
stable essential submodule N of M such that
f(N)I N. By s-quas-injectivity of M, there
exit an R-homomorphism ggM® M such
that g extends f. Now the injectivity of
E(M) implies that there is hl S such that
h| m = h(M) = g(M)1 M. Hence (f-h)(N) =(0)
which implies N ker(f-h) so ker(f-h) is
essential submodule of E(M), hence f-hl XS).
By hypothesis (f-h)yM | M, therefore for each
xI' M we have (f-h)(x)=m for some ml M and
hence f(x)=m-h(x)I M, thereforef(M)| M.m

As we show before that each quasi-
injective R-module (and hence injective) is
s-quasi-injective but the converse is not true in
general. It is natura to ask when s-quasi-
injectivity consequence with injectivity or
guasi-injectivity. The following theorem gives
us a relationship between injectivity and
S-quasi-injectivity.

(10) Theorem:

Let M be an s-quasi-injective R-module,
E(M) be its inective envelope and
S= Endr(E(M)) with J(M)1 M. If there is an
s-ess-epimorphism o from M onto E(M), then
M isinjective.

Proof:
Consider the following diagram

» E(M)
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where i is the incluson mapping of M into
E(M). By injectivity of E(M), there is an
R-homomorphism B 1 S such that S extends
o . But o is s-ess-epimorphism, then there isa
stable essential submodule N of M. Therefore
B(N) = Boi(N) = a(N)I N (snce N is
stable), hence B 1 T and by theorem(6) we
have B(M)I M and hence E(M)= o (M)=
Boi(M)= B(M)I M which is implies that
M=E(M) and therefore M isinjective.m

immediate

The following corollary is

consequence from theorem (10)

(11) Corollary:

Let M be an R-module as in the theorem
(20), then the following are equivalent:
(a) M is s-quasi-injective.
(b) M isinjective.
(c) M isquasi-injective.m

The following proposition shows us
conditions under which the class of quas-
injective R-modules and the class of s-quas-
injective R-modules will be equivalent.

(12) Proposition:

Let M be an s-quas-injective R-module
and JSMI1 M. If M contains an essentia
guasi-injective submodule, then M is quasi-
injective.

Proof:

Lete N be an essentid quas-injective
submodule of M. Then N is essentia
submodule of E(M) and hence E(N) =E(M)
[5],then Endr(E(N))= S. But N is quas-
injective R-module, then SNI N [6] which is
means o (N)I N " o1 S which implies that
ol T, thus T= S. But M is s-quasi-injective
and JS)M 1 M, then by theorem(9) we have
TM1 M and hence SMI M, therefore M is
quasi-injective [6].m

The following proposition gives us another
condition under which the property of s-quasi-
injectivity and the property of quasi-injectivity
are equivalent.

(13) Proposition:

Let M be a fully stable R-module. Then M
is quasi-injective if and only if M is s-quas-
injective.



Proof:

Suppose that M is s-quasi-injective and let
N be a submodule of M and N® M be an
R-homomorphism, then N is stable (since M is
fully stable) and hence by s-quasi-injectivity of
M, there is an R-endomorphism g of M
such that g extends f. Therefore M is
guasi-injective. The other direction istrivial.m

The following theorem was proved in [2]
which gives some equivalent conditions for the
fully stability.

(14) Theorem:

The following statements are equivalent for an
R-module M:

(a) M isfully stable module.

(b)Every cyclic submodule of M is stable.

(c) For each xy in M, yl (x) implies
annr(X) E anng(y).

(d) For each x in M, anny(anng(x)) = (X).m

So by using proposition (13) and the above
theorem we get the following corollaries.

(15) Corollary:

Let M be an s-quasi-injective R-module
such that every cyclic submodule of M is
stable, then M is quasi-injective.m

(16) Corollary:

Let M be an squas-injective R-module
such that for each x,y in M, yl (x) implies
annr(X) E anng(y), then M is quasi-injective.m

(17) Corollary:

Let M be an s-quasi-injective R-module
such that for each x in M, anny(anng(x)) = (x)
then M is quasi-injective.m

The following theorem is useful to show
that s-quasi-injective R-modules inherit the
property of s-quasi-injectivity to some kinds of
its submodules.

(18) Theorem:

Let M be an s-quasi-injective R-module
and let N be a closed submodule of M. Then
any mapping o of a stable submodule K of M
into N can be extended to a mapping S of M

into N.

Proof:

By Zorn's lemma we can assume that K is
such that « cannot be extended to a mapping
of T into N for any submodule T of M which
properly contains K. since M is s-quas-
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injective, then o« induced by a map.
B: M® M. suppose B(M)EN and let
L be the complement of N in M, and
snce N is closed, then N is the
complement of L in. Since B(M)*NEN,
we see tha (B(M)+*N))IL! (0). Let
0! x=atbl (B(M)*N)) 1L where al S (M)

and bl N. If al N, then xI NIL=0, a
contradiction. Therefore al N, and
a= x-bl LAN. Now T={yl M| B ()l

LA N } is a submodule of M containing K. If
yl M such that B (y)=athenyl T, but yl K
(since al N). let 7 denote the projection of
LANonN. Then = Bisamap. of TinN, and

T By)=BW)=a(y) " yl K.Thusz § is
proper extenson of o, a contradiction.

Therefore B (M)I N and Bis the desired
extension of ¢ .m

(19) Corallary:
A stable closed submodule N of an s

guasi-injective R-module M is a direct
summand of M.

Proof:

Consider the injection mapping i:N® N,
then by theorem(18) i can be extended to some
R-homomorphisn g:N® M which implies
that M=NA ker(g) and hence N is a direct
summand of M.m

(20) Proposition:

If the direct product O M; of R-modules
{Mi|il 1} is s-quas-injective, then M; is s
guasi-injective for each il 1.

Proof:

Suppose that O M; is s-quasi-injective
R-module, to prove M; is s-quasi-injective, let
N be a stable submodule of M; and :N® M;
be any R-homomorphism. Since O M; is
s-quasi-injective, then f induced by an
R-homomorphism h:OM;® OM;.  Put
g=mioh, where m isthe natural projection of
O M; on M; .(see the following Figure)
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Then g is the desired extension of f. Hence
Mi is s-quasi-injective.m

The following corollary is
consequence from proposition (20).

(21) Corollary:
A direct summand of s-quasi-injective is s
guasi-injective.m

Imi

immediate

The following corollary follows from
corollary (19) and corollary (21).

(22) Corollary:
A stable closed submodule of an s-quasi-
injective R-module is s-quasi-injective.m
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